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Abstract. In thispaperwefirst considetheparameteestimatiorof amultivariaterandomprocess
distribution using multivariate Gaussianmixture law. The labels of the mixture are allowed to
have a generalprobability law which givesthe possibility to modelizea temporalstructureof the
procesaunderstudy We generalizehe caseof univariateGaussiamixturein [1] to show thatthe
likelihoodis unboundedand goesto infinity whenone of the covariancematricesapproacheshe
boundaryof singularity of the non negative definite matricesset. We characterizehe parameter
setof thesesingularities As a solutionto this degenerag problem,we shawv thatthe penalization
of the likelihood by an InverseWishart prior on covariancematricesresultsto a penalizedor
maximuma posterioricriterionwhichis boundedThen,the existenceof positive definitematrices
optimizing this criterion can be guaranteedWe alsoshow thatwith a modified EM procedureor
with a Bayesiansamplingschemewe canconstraincovariancematricesto belongto a particular
subclasf covariancematrices.Finally, we study degeneraciesn the sourceseparatiorproblem
wherethe characterizatiorof parametesingularity setis more complex. We shaw, however, that
InverseWishartprior on covariancematriceseliminatesthe degeneracie# this casetoo.

INTRODUCTION

We considera doublestochastigrocess:

« A discreteprocess z;):—1..1, With z; takingits valuesin thediscretesetZ = {1..K'}.

« A continuousprocess(s;);—1..r Which is white conditionally to the first process
(2¢)1=1.7 andfollowing a distribution:

p(slz) = f(8;¢)

In thefollowing, withoutlossof generalityof the considerednodel,we restrictthe
function f(.) to beaGaussianf(.|z) = N (i, R.).

This doubleprocesss calledin literature"Mixture model". Whenthe hiddenprocess
z1..r 1S white, we have ani.i.d mixturemodel:p(s) =" p.N (u,, R,) andwhenz, ¢
is Markovian, the modelis calledHMM (Hidden Markov Model). For applicationof
thesetwo modelssee[2] and[3]. Mixture modelspresentan interestingalternatve to
nonparametrianodeling.By increasinghenumberof mixturecomponentsye areable
to approximateary probability densityandthetime dependencstructureof the hidden
process; r allowsto take into accounta correlationstructureof the resultingprocess.
In thefollowing, for clarity of demonstrationsye assumeni.i.d. mixture model.



CHARACTERIZATION OF LIKELIHOOD DEGENERACY

We considerT’ obsenations(s;);—;. 1 of a randomn-vector following a multivariate
Gaussiammixture law:

K

p(st) = szN(st;p'za Rz)

z=1

Wherep, = P(Z = z) is the probabilitythattherandomhiddenlabel Z takesthevalue
z € Z ={1..K}, n, is the n-vector meanof the Gaussiarcomponentz and R, its
n X n covariancematrix. We intendto estimatethe parameter®, = (p,, 1, R.).c1.x
by maximizingits likelihoodgiventheobsenrationss; = [s;;—1.7:

(= argmaxp(s;.r|0)
0cO

Where

T

1
p(s1.7|0)= Hsz 12 R,| P exp _§(St —u) R (s — uz)}

t=1 =z

and
©={0.=(p:, 1, R) . € R, X p. = LR €Rip €RY) (D

R is a closedsubsebf covariancematrices.Someexamplesof R areconsideredater
in sectiord andin [4].

Proposition 1 [Lik elihoodfunctionis unbounded]y s, + € (R™)7, 3 a singularity
point @, in the parametespace® suchthat:elirg p(81.7|0) = co. Thesepointsarethe
—Us

0 = (p., 1, R.).cz suchthat,atleastoneof the R, (but notall of themtogether)is a
singularnon negative matrix andthe correspondenteang, liesin the intersectionof
n—rank(R,) hyperplanf R".

Proof: Let 2y € Z and R,, be a singularNND matrix of rankp < n. R,, canbe
diagonalizedn the orthogonalgroup:

R,, =UTAU, A=




Considemow a sequencef positive definitematrices(RZj)) definedby:
neN
— )\gn)

(n
R =U" Anp U

20

With the (n — p) strictly positive numericsequence:{/\f.”)) o) which tendto 0.
i=1..(n—p

Thusthe sequencef (Rﬁﬁ)) cornvergesto R,,. Likelihood function evaluatedat
neN
R is:

T

_ 1 n)—1
pas1216) =TT (o 20 R | = (o0 e TR (50 )

t=1

+szN(P’za RZ)>

Expendingthe exponentof the componenty in canonicaform :

n) 1 U(s K, z2
(o1 ) R (o) = o I

We canseethatwhentheeigervalues(/\,E"))izl,_(n,p) tendto zero,or equivalently, when

thecovarianceRg’;) tendsto R, andwhenu, liesin theintersectiorof thehyperplans
(Hi={n|[U(s:— p)]i =0});__(n_p) the likelihoodfunction goesto infinity. Sowe
have proved that ary singularNND matrix is a point of degenerag provided that the
meandie in specifichyperplansin onedimensionalkase this correspondso the fact
thato goesto zeroandthe correspondenmneancoincideswith oneobsenation.
Figurel showvs an exampleof this degenerag. In this example,we take an original
distribution of a 2-D randomvectorwhich is a mixture of 10 GaussiansThe Gaussians
have theirmeandocatedon a cercleandhave thesamecovarianceFigurel-ashonsthe
graphof this distribution from which we generated 00 samplesn orderto estimatets
parametersk-igure 1-b shows the estimatedistribution. We cannotethe failure of the
maximumlik elihoodestimatorandits tendeng to corvergeto sharpGaussians.
Here,we highlight the effect of growing the dimensionn which increaseshe occur
renceof degeneray. We have, for n > 1 aninfinite numberof singularities Moreover,
evenif we fix the meansof the mixture componentsthe unboundednessf likelihood
might occurif somecovariancego to particularsingularmatrices. But, we think that
this secondkind of degeneray is lesslikely to happenparticularly if the numberof



samplegyrows. We notethatthe occurrenceof degenerag increasesvhenthe dimen-
siongrows anddecreases/henthenumberof samplegrows.

55 5 -5

Original distribution ML Estimatedistribution
with 100 samples

Fig-1. Failure of the ML estimationof the parameterof a 10 componentGaussian
mixture distribution.

BAYESIAN SOLUTION TO DEGENERACY

This degenerag wasnotedby mary authors(Day, 1969[5]) andin (Hathavay 1986
[6]), a constraintformulation of the EM algorithm has beenproposedto eliminate
this degenerag. In (Ormoneit1998[7]), a penalizationby an Inverse Wishart prior
was employed to eliminateit. Our contrikution leadsto the samepenalizationbut in
differentmannerin (Ormoneit1998),theInverseWishartprior waschoserbecaus# is
aconjugateprior. In theonedimensionatasg1], thepenalizatiorby aninverseGamma
prior on variancesvasusedto eliminatedegeneray.

In this work, after characterizingthe origin of thesesingularities,we extend this
procedureo the multivariatecaseto proposean InverseWishartprior on covariances
R, which guaranteetheboundnessf thelik elihood:

K
Papa(R;) = W exp [—ole’ (Rz_1 J)]

whereK is anormalizationconstantp, and g two strictly positive constantsvhich con-
tain a priori information aboutthe power level (scaleparameterand J is a positive
definitesymmetricmatrix which containsa priori informationon the covariancestruc-
ture.In fact,themodeof this law is givenby:

Olog[p(R.)]

= —BR;'+aR;'JR;' =0

Leadingto:



Proposition 2: V s;. 7 € (R")T, the a posteriori distribution p(8 | s;.7) with the a
priori:

0) = Hpaz;ﬁz;t]z (R
zZ€EZ

is boundedandgoesto 0 whenoneof thecovariancematricesR,, approacheasingular
matrix.

Proof: Thepenalizedik elihoodis:

p(si.r|0)p H( [[»(R. I/Tsz (1., R )

zeZ

For eachlabel z, we have thefollowing inequality:

A K
1/T z _ ~1
Hp N(p,, R,) < |Rz\1/2zel_[z|Rz‘ﬂz exp [—a, Tr(R, "' J;)]

z€EZ

Thus,to prove the proposition,we needto shov thatV a > 0, b > 0 and R, a singular
matrix, we have:

RzlinRs |R,[®

exp [—aTr(R,'J)] =0
Usingtheinequality
(det A)Y™ < %Tr (A)

valid for any realsymmetricn x n matrix A, We have:
J 1/n
exp[ aTr(R J)] 1 ]

e"p[ "R

1
[R.[" |R.["
In the above inequality the right handsideterm goesto zerowhen R, approacheshe
boundaryof singularity Therefore the penalizedik elihoodis boundedandis null on
theboundaryof singularity

At this point,we canalsofollow theargumentsn [4] to prove theexistenceof positive
definite matricescorrrespondingo the modesof the penalizedlik elihood. Figure 2
illustratesthe regularizationeffect of this penalizationHerewe usedthe samesamples



generatedor thefigure 1 andestimatedhe parametersf the mixture by optimizingthe
penalizedik elihoodcriterion. The probability of degenerayg is zero.

Original distribution PenalizecEM Estimated
distributionwith 100 samples

Fig-2. Regularizationeffect of the penalizedEM algorithm.

ESTIMATION OF STRUCTURED COVARIANCE MATRICES

In this paragraphwe generalizethe work in [4] to estimatecovariancematricesof
specifiedstructurein the mixture case.The constraintsare summarizedn the closed
subsetR introducedn thedefinitionof the parameteset® (1).

Unconstrained case:

The unconstraineccasewas treatedin mary works. In [7], three methodswere
proposedAveragingmaximumpenalizedik elihoodandBayesiarsampling We briefly
recall the EM algorithm and the Bayesiansamplingwhich both can be seenas data
augmentatioralgorithms:

« EM algorithm:It consistof two steps:
(i) E (Expectation)-step:Consider obsenations s; r as incomplete data
and (si.r,21.7) as complete data and compute the functional Q(0|0(’“)) =

E{logp(s1.7,21.7|0) +1ogp(8) | s1.7,0%};
(ii) M (Maximization)-stepUpdated* ) = argmax, 9(0|6%)).

« Bayesiarsampling:lt consistof two steps:

(i) Generate:gc;l) ~p(z.1|81.1, o(k));

(i) Generat@*+' ~ p(0 | s1. 7,2 11).

In the unconstrainectase,one obtains,in both first stepsof the above algorithms,
functionalswhich have only onemaximumobtainedby cancelingthe gradientto zero.



Constrained case:

In both EM algorithmand Bayesiansamplingmethodspresentedbove, the second
stepwhich consistsn updatingd wasunconstrained/Ve seein thefollowing how we are
ableto combinethe dataaugmentatioralgorithmswith the iterative gradientalgorithm
proposedn [4] to constrainthe covariancematrix R, to bein theclosedsetR.

Strutued EM

Thefunctional Q(0 |#¥)) canbe decomposedsfollows:

K

Q(616™) =Y "g(R..S.) + f(p,n|6Y)

z=1
with:
9(R.,8.) = —(1+ £)log|R.| - Tr (R (5. +52))
N, =Y, pla(t) = 2| s(t), 6%)
and.S, theweightedsamplecovariancematrix:
o — T (s) = pY) (s(t) = V) pa(t) = 2 (1), 6%)
i p(2(t) = 2] s(t), 8)

Thus,the maximizationof Q with respecto R, is equivalentto the maximizationof
g9(R,,S,) with respecto R,. Thenecessargradientequationsare:

-1 p -1 _
)R, _(1+E)RZ )(5RZ) =0 (2)

aJ
N,

d9(R,,S,)=Tr ((RZ_I(SZ +

S.+57

In theunconstrainedase the solutionof (2) is R, = T Constraintmaximization

of g with R, € R for ary R is noteasy However, if R isgzuchthatR ER=0RER
(for examplethe setof Toeplitz matrices)thenwe replacethe secondstepof the EM
algorithmby thefollowing:

1. Find DYV belongingto R sothat g(RY, S, — DY) satisfiesthe necessary
gradientconditions.

2. PutR*t) = R® 4 p¢+h

This modificationpreseresthe monotonicityof the EM algorithmandmakesthe prob-
lem linearin D, andsoit is easierto imposeconstraintswith the condition that the
variationof R, still belongsto R, whichis truefor awide rangeof constraintsuchin
the Toeplitzcase.



Structued Bayesiarsampling

We proposehefollowing Bayesiarsamplingscheme:

1. Generate: ;. ~ p(z1.7|s1.17,0%);
2. Generate D" belonging to R accordingto the a posteriori distribution
p(D.|s1.1, 21 1) ~ exp [g(ng)’ S, — ng‘f'l))] .

3. UpdateR¥ 1Y) = p¥) + pi+V)
S, is thesamplecovariancedependingon the partitiondefinedby 2} .

2ier, 8(H)s(D)”
{ %= o

To = {t]200) = 2}

To besurethatthesamplingkeepsD, in theclosedsetR, we defineabasis(Q;);=1...
of R andwe samplethe projectionof D, onR: 1.1 ~ p(x1.1|s1.1, 2] 1), Wherethe
vectorz ; is definedas:

L
D, = Z 1 Qy
=1

MIXED SOURCES

We considemow the casewheresourcesare not directly obsened, but mixed with an
unknavn mixing matrix A andwe wantto take into accountmeasuremergrrorssothat
obsenationsaremodeledby the following equation:

z(t) = As(t) +n(t)

In this section,we show that whenwe areinterestedn estimatingjointly the mixing
matrix A, noisecovariancematrix R. andthe parametersf the mixture, by maximiz-
ing thelikelihoodp(z; 7| A, R,, 6,), we encountethe sameproblemsof degenerag
mentionedabove. Lik elihoodfunctionhasthefollowing expression:

T K
p(@rr|A, R, 0.)=]][D p.()N(Ap,, AR.A"+R,)
t=1 z=1
Theexpressiorp, (t) = Z p(z1.1) representthemamninal law of z(t). Indeed,

z1..1,2(t)=2
the hiddenvariablesdo not neednecessarilyo be white andso the mixture to bei.i.d.
We canrewrite the expressionof the likelihoodin a more generalform in which the



mauginalizationis not performed:

T

p(ml--T ‘ A, R, 02) = ZP(ZL.T) HN(AP'za AR, A" + Re)

z1.T t=1

It is obvious,underthis form, thatdegenerag happensvhenoneof thetermsconstitut-
ing the sumtendsto infinity andthisis independentlyf thelaw p(z;_r).

Considemow thematricesI', = AR, A* + R.. It'sclearthatdegenerayg is produced
when,amongmatricesI’,, at leastoneis singularandoneis regular. We show in the
following thatthis situationcanoccur

We recall that the matricesR, and R, belongto a closedsubsetof the setof the
non negatve definite matrices.Constrainingmatricesto be positive definite leadsto
complicatedsolutions.The main origin of this complicationis the fact that the set of
positive definite matricesis not closed.For the samereason,we don't constrainthe
mixing matrix A to beof full rank.

Proposition 3: V A nonnull, 3 matrices{T', = AR, A*+ R, for z = 1..K’} suchthat
{z | T, is singular} # 0 and{z | T, is regular} # 0.
R, is necessarilya singularNND matrixandCard ({z | R, is regular}) < K.

Proof: Without affecting the generalityof the problem,we shaov how to construct
a singularmatrix I'; andthe othersmatricesI', regular We considerNND matrices.
Therefore the kernel of the correspondeniinear mappingcoincideswith its isotropic
cone.Thus,we have:

Ker(T,)=Ker(AR,A")NKer(R,)

It is sufficient to prove the existenceof R, and (R.).—1.x thatverify the following
condition:

{Ker(ARlA*)ﬂKer(Re) # {0} 3)
Ker(AR,A*)NKer(R.) = {0},z=2..K

If thematrix R, is regular, thereis no degenerag: Accordingto themini-maxprinciple
appliedto the characterizatiomf the eigervaluesof the sumof two hermitianmatrices,
theeigervaluesof I', aregreaterthanthoseof R, andthenstrictly positvewhichimply
thatall of thematricesI', areregular.

We have:

Ker(A*) C Ker(AR,A"), z=1..K 4)

Equality holdsif R, is regularor if Ker(R,) N Im(A*) = {0}. Note thatif all the
matricesR, areregular, thereis no degeneray.

Supposehenthat the matricesR,, exceptthe first matrix R, areregular We will
try now to constructthe matricesR; and R, makingthe condition(3) verified. Let a



nonnull vectorz, belongto [Ker(A*)]*. Thereexist NND matricesR; and R, such
that z, € Ker(AR,A*) N Ker(R,). In fact, considerthe family of vectors(z;);cs

belongingto Ker(A*) suchthatthefamily {x,} U (x;),c, is orthogonalthisis insured
by the principle of the incompletebasis).The matricesR, = Zjejaj z;z; (o > 0)

and R, = ) _._;Bz;xj (6; > 0) aresuchthatz, € Ker(AR,;A*) N Ker(R,) by
constructiorand Ker(AR,A*) N Ker(R,) = {0}. We have thenconstructednatrices
which verify the degenerag condition.

Note thatthe factthatthe matricesR; and R, aresingularis a necessargondition
but notsufficient; thematrix R; canbesingularwith Ker(AR,; A*) = Ker(A*) andso
thereis no degeneray, or aswell, R, is singularbut Ker(AR,A*)N Ker(R,) # {0},
Vz € {1..K}, which implies that all matricesT", are singularand so no degenerayg
occurs.

DEGENERACY ELIMINATION IN THE MIXED CASE

In the light of what we presentedn the two first paragraphspne possibleway to

eliminatethis degenerag consistan penalizingthe likelihoodby an InverseWisharta

priori for covariancematrices.In fact, we know that the origin of degenerag is that
the covariancematricesR, and R, approachthe boundaryof singularity (in a non

arbitraryway). Thus,if we penalizethelik elihoodsuchthatwhenoneof the covariance
matricesapproachetheboundarythea posterioridistribution goesto zero,eliminating
theinfinity valueatthe boundaryandevenforcingit to zero.

Proposition 5: V z; 7 € (R™)T, thelikelihoodp(z,.r|0., R, A) penalizecby an
a priori InverseWishartfor the noisecovariancematrix R, or by ana priori Inverse
Wishart for the matricesR, is boundedand goesto 0 when one of the covariance
matricesapproachethe boundaryof singularity

Proof 5: The proof is basedupon the proof of the proposition4, exceptthe fact
that herethe a priori is not directly relatedto the matricesT', = AR, A* + R,, but
to covariancematricesR, or R.. Then,we have thefollowing alternatve:

« If one penalizesby an a priori InverseWisharton the matrix R., we have the
following inequality:

(p(R.)/"N(Ap,,T.) exp [—aTr (R J)]

- K
=T R P

Now accordingto the mini-max principle appliedto the characterizatiowf eigen-
valueswe have:

T.[=]AR.A"+ R > |R|



whichyieldsthefollowing inequality:

1
(p(Re))l/TN(Aﬂzan) < WGXP [—aTr (Re_l J)]
This insuresthe convergenceto 0 of the penalizedik elihoodwhen R, goesto a
singularmatrix andinsures,aswell, the eliminationof degenerag which onethe
necessargonditionsis the singularityof the covarianceR,.

« If we penalizeonly by aninverseéWishartprior onthe matricesR, with anuniform
a priori onthematrix R, we have asimilar inequality:

(p(R.)Y"N(Ap,.T,) exp [—a,trace (R, J,)]

L
=TAR,A*|>

Here, the only query is that the determinant| A| goesto zero fasterthan the
exponentiabf | R, | but, in thissituation thedegenerag condition(3) is notverified
becaus®f theinclusionrelation(4).

CONCLUSION

The setof parametesingularitieswhich characterizeshe likelihood degenerag of a
multivariate Gaussiarmixture is identified. A Bayesiansolutionto this degenerag is
proposedWe proposeda modifiedversionof the dataaugmentatioralgorithmswhich
allows to accountfor some constraintson the structureof the covariancematrices
of the Gaussiammixture distribution. It consistsessentiallyin the introductionof an
inverseiterationto make the problemlinear with respectto the matrix estimate.The
caseof sourceseparatiorwith Gaussiamixture modelsourcess alsoconsideredand
discussed.
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