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Abstract. In thispaper, wefirst considertheparameterestimationof amultivariaterandomprocess
distribution using multivariateGaussianmixture law. The labels of the mixture are allowed to
have a generalprobability law which givesthe possibility to modelizea temporalstructureof the
processunderstudy. We generalizethecaseof univariateGaussianmixture in [1] to show that the
likelihoodis unboundedandgoesto infinity whenoneof the covariancematricesapproachesthe
boundaryof singularity of the non negative definitematricesset.We characterizethe parameter
setof thesesingularities.As a solutionto this degeneracy problem,we show that thepenalization
of the likelihood by an InverseWishart prior on covariancematricesresultsto a penalizedor
maximuma posterioricriterionwhich is bounded.Then,theexistenceof positivedefinitematrices
optimizing this criterion canbe guaranteed.We alsoshow that with a modifiedEM procedureor
with a Bayesiansamplingscheme,we canconstraincovariancematricesto belongto a particular
subclassof covariancematrices.Finally, we studydegeneraciesin the sourceseparationproblem
wherethe characterizationof parametersingularityset is morecomplex. We show, however, that
InverseWishartprior on covariancematriceseliminatesthedegeneraciesin this casetoo.

INTRODUCTION

Weconsidera doublestochasticprocess:

• A discreteprocess
�������	��

�	��� �

, with
���

takingits valuesin thediscreteset ��������������� .
• A continuousprocess

��� ���!��

�	��� �
which is white conditionally to the first process�������!��

�	��� �

andfollowing adistribution:" ���$#�� � �&% ���('*),+,�
In thefollowing, without lossof generalityof theconsideredmodel,werestrictthe
function % � � � to beaGaussian:% � � #���� �.- ��/ +10	2 +,�

.

This doubleprocessis called in literature"Mixture model".Whenthe hiddenprocess�3�	��� �
is white,we have ani.i.d mixturemodel: " ���4� �65 + " + - ��/ + 072 +,�

andwhen
�3�	��� �

is Markovian, the model is calledHMM (HiddenMarkov Model). For applicationof
thesetwo modelssee[2] and[3]. Mixture modelspresentan interestingalternative to
nonparametricmodeling.By increasingthenumberof mixturecomponents,weareable
to approximateany probabilitydensityandthetime dependencestructureof thehidden
process

�3�	��� �
allows to take into accounta correlationstructureof theresultingprocess.

In thefollowing, for clarity of demonstrations,weassumeani.i.d. mixturemodel.



CHARACTERIZATION OF LIKELIHOOD DEGENERACY

We consider8 observations
��� ���!��

�	��� �

of a random 9 -vector following a multivariate
Gaussianmixturelaw: " ��� ��� � :; +<

� " + - �����*'*/ + 072 +,�
Where" + �>= ��? � � �

is theprobabilitythattherandomhiddenlabel
?

takesthevalue�A@ �B�C�������D��� , / + is the 9 -vector meanof the Gaussiancomponent
�

and
2 +

its9FEG9 covariancematrix. We intendto estimatetheparametersH + � � " + 0 / + 0I2 +J�!+LK3�	��� :
by maximizingits likelihoodgiventheobservations

�M�	��� � �ON ���QP���

�	��� � :R HG�&SUTWVYXASIZ[ K]\ " ���M�	��� �^# H �
Where " ���M�	��� �_# H � � �` ��

� ; + " +$#ba7c 2 +3#�d�e ��f*g!hji Zlknm<o �a ����� o / + � � 2 e �+ ��� � o / + �	p
and q �srtH + � � " + 0 / + 072 +u�v# " +w@yx{z 0 5 :+<

� " + �|� ' 2 +w@~}�'7/ + @yx��
�

(1)}
is a closedsubsetof covariancematrices.Someexamplesof

}
areconsideredlater

in section� andin [4].

Proposition � [Lik elihoodfunction is unbounded]:� ���	��� ��@6��x���� �
, � a singularity

point Ht� in theparameterspace

q
suchthat: ����X[]��[,� " �����	��� �^# H � �&� . ThesepointsaretheH�� � " + 0 / + 012 +J�	�IK��

suchthat,at leastoneof the
2 +

(but not all of themtogether)is a
singularnonnegative matrix andthecorrespondentmean

/ +
lies in the intersectionof9_o��3� 9$� � 2 +,�

hyperplansof
x��

.

Proof: Let
�]��@ � and

2 +��
be a singularNND matrix of rank "�� 9 .

2 +��
can be

diagonalizedin theorthogonalgroup:

2 + � ��� �
� � 0 � �
 ¡¡¡¡¡¡¡¢ £

. . . £ ¤ � eI¥ z
�
. . .

¤ �
¦¨§§§§§§§©



Considernow a sequenceof positivedefinitematrices ª 2 d � h+���« � K�¬ definedby:

2 d � h+ � �­� �  ¡¡¡¡¡¡¡¢
¤ d � h�

. .. ¤ d � h� eI¥ ¤ � eI¥ z
�
. . .

¤ �
¦¨§§§§§§§© �

With the
� 9Go " � strictly positive numericsequencesª ¤ d � h® « ® 

�	��� d � eI¥ h which tendto

£
.

Thus the sequenceof ª 2 d � h+ ��« � K]¬ convergesto
2 + �

. Likelihoodfunction evaluatedat2 d � h+��
is:" � ���M�	��� �_# H � � �` ��

�°¯ " +��±#ba7c 2 d � h+�� #²d³e ��f*g!h�i Zlk m o �a ����� o / +�� � � 2 d � h+�� e � ��� � o / +�� � p´ ; + " + - ��/ + 072 +,�<µ

Expendingtheexponentof thecomponent
�]�

in canonicalform :��� � o / + � � 2 d � h+�� e � ����� o / + � � ; ® N¨� ����� o / + �!P g®¤ d � h® 0
Wecanseethatwhentheeigenvalues

� ¤ d � h® � ® 

�	��� d � eI¥ h tendto zero,or equivalently, when

thecovariance
2 d � h+��

tendsto
2 +��

andwhen
/ +��

lies in theintersectionof thehyperplans�·¶ ® �­� /�# N¨� ����� o /{�!P ® � £ � � ® 

�	��� d � eI¥ h , the likelihoodfunction goesto infinity. So we
have proved that any singularNND matrix is a point of degeneracy provided that the
meanslie in specifichyperplans.In onedimensionalcase,this correspondsto the fact
that ¸ goesto zeroandthecorrespondentmeancoincideswith oneobservation.

Figure � shows an exampleof this degeneracy. In this example,we take an original
distributionof a

a
-D randomvectorwhich is a mixtureof � £ Gaussians.TheGaussians

havetheirmeanslocatedonacercleandhavethesamecovariance.Figure � -ashowsthe
graphof this distribution from which we generated� £�£ samplesin orderto estimateits
parameters.Figure � -b shows theestimateddistribution.We cannotethefailureof the
maximumlikelihoodestimatorandits tendency to convergeto sharpGaussians.

Here,we highlight theeffect of growing thedimension9 which increasestheoccur-
renceof degeneracy. We have, for 9º¹�� an infinite numberof singularities.Moreover,
even if we fix themeansof the mixture components,the unboundednessof likelihood
might occurif somecovariancesgo to particularsingularmatrices. But, we think that
this secondkind of degeneracy is lesslikely to happenparticularly if the numberof



samplesgrows. We notethat theoccurrenceof degeneracy increaseswhenthedimen-
siongrowsanddecreaseswhenthenumberof samplesgrows.
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Fig- � . Failure of the ML estimationof the parametersof a � £ componentGaussian
mixturedistribution.

BAYESIAN SOLUTION TO DEGENERACY

This degeneracy wasnotedby many authors(Day, 1969 [5]) and in (Hathaway 1986
[6]), a constraintformulation of the EM algorithm has beenproposedto eliminate
this degeneracy. In (Ormoneit1998 [7]), a penalizationby an InverseWishart prior
wasemployed to eliminateit. Our contribution leadsto the samepenalizationbut in
differentmanner. In (Ormoneit1998),theInverseWishartprior waschosenbecauseit is
aconjugateprior. In theonedimensionalcase[1], thepenalizationby anInverseGamma
prior on varianceswasusedto eliminatedegeneracy.

In this work, after characterizingthe origin of thesesingularities,we extend this
procedureto the multivariatecaseto proposean InverseWishartprior on covariances2 +

which guaranteestheboundnessof thelikelihood:"M»U¼ ½I¼ ¾ � 2 +,� � �# 2 +U# ½ i Z4k~¿ÀoÂÁ Tr Ã 2 + e �UÄ�Å]Æ
whereK is anormalizationconstant,Á and Ç two strictly positiveconstantswhich con-
tain a priori information aboutthe power level (scaleparameter)and

Ä
is a positive

definitesymmetricmatrix which containsa priori informationon thecovariancestruc-
ture.In fact,themodeof this law is givenby:È �³É�VÊN " � 2 +,�	PÈ 2 + �|o{Ç 2 e �+ ´ Á 2 e �+ Ä 2 e �+ � £
Leadingto: 2 + � Á Ç Ä



Proposition
a
: � �M�	��� ��@Ë��x � � �

, the a posteriori distribution " � H #����	��� �
�
with the a

priori : " � H � � `�IK�� "M»1ÌL¼ ½JÌÍ¼ ¾]Ì � 2 +J�
is boundedandgoesto

£
whenoneof thecovariancematrices

2 +
approachesasingular

matrix.

Proof: Thepenalizedlikelihoodis:" ���M�	��� �_# H � " � H � � �` ��

��Î � `�IK�� " � 2 +,�Í� ��f�� ; + " + - ��/ + 0	2 +,�<µ
For eachlabel

�
, wehave thefollowing inequality:� `�IK�� " � 2 +,�Í� ��f�� - ��/ + 0	2 +,�ÐÏ Ñ# 2 +�# ��f*g `�7K�� � +# 2 +�# ½ Ì i Zlk ¿ o�Á + Tr Ã 2 + e �UÄ + Å]Æ

Thus,to prove theproposition,we needto show that ���G¹ £
, Ò{¹ £

and
2 � a singular

matrix,wehave: ����XÓ Ì e � Ó � �# 2 +U# Ô i Z4k ¿ oÂ� Tr Ã 2 e �+ Ä Å�Æ � £
Usingtheinequality ��Õ�Ö�×UØ�� ��f � Ï �9 Tr

��Øn�
valid for any realsymmetric9~EG9 matrix

Ø
, We have:�# 2 +�# Ô i Zlk ¿ oÂ� Tr Ã 2 e �+ Ä Å]Æ Ï �# 2 +3# Ô i Zlknm<o��Y9 # Ä # ��f �# 2 +U# ��f � p

In theabove inequality, the right handsidetermgoesto zerowhen
2 +

approachesthe
boundaryof singularity. Therefore,the penalizedlikelihoodis boundedandis null on
theboundaryof singularity.

At thispoint,wecanalsofollow theargumentsin [4] to provetheexistenceof positive
definite matricescorrrespondingto the modesof the penalizedlikelihood. Figure

a
illustratestheregularizationeffect of this penalization.Herewe usedthesamesamples



generatedfor thefigure � andestimatedtheparametersof themixtureby optimizingthe
penalizedlikelihoodcriterion.Theprobabilityof degeneracy is zero.
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Fig-
a
. Regularizationeffect of thepenalizedEM algorithm.

ESTIMATION OF STRUCTURED COVARIANCE MATRICES

In this paragraph,we generalizethe work in [4] to estimatecovariancematricesof
specifiedstructurein the mixture case.The constraintsaresummarizedin the closed
subset

}
introducedin thedefinitionof theparameterset

q
(1).

Unconstrained case:

The unconstrainedcasewas treatedin many works. In [7], three methodswere
proposed:Averaging,maximumpenalizedlikelihoodandBayesiansampling.Webriefly
recall the EM algorithm and the Bayesiansamplingwhich both can be seenas data
augmentationalgorithms:

• EM algorithm:It consistsof two steps:
(i) E (Expectation)-step:Consider observations

�M�	��� �
as incomplete data

and
���M�	��� � 0 �3�	��� �t�

as complete data and compute the functional Ù � H # H dÛÚ h � �Ü �7��É�V " ���M�	��� � 0 �3�	��� �_# H � ´ ��É�V " � H �v#����	��� � 0 H dÛÚ h � ;
(ii) M (Maximization)-step:UpdateH dDÚ z
��h �&SUTWVÝX~SIZ [ Ù � H # H dDÚ h � .

• Bayesiansampling:It consistsof two steps:
(i) Generate

� dÛÚ z
��h�	��� � Þ " ���3�	��� �^#����	��� � 0 H dDÚ h � ;
(ii) GenerateH Ú z
� Þ " � H #��M�	��� � 0 � dDÚ z
��h�	��� � �

.

In the unconstrainedcase,one obtains,in both first stepsof the above algorithms,
functionalswhich haveonly onemaximumobtainedby cancelingthegradientto zero.



Constrained case:

In both EM algorithmandBayesiansamplingmethodspresentedabove, thesecond
stepwhichconsistsin updatingH wasunconstrained.Weseein thefollowinghow weare
ableto combinethedataaugmentationalgorithmswith the iterative gradientalgorithm
proposedin [4] to constrainthecovariancematrix

2 +
to bein theclosedset

}
.

StruturedEM

Thefunctional Ù � H # H dDÚ h � canbedecomposedasfollows:Ù � H # H dDÚ h � � :; +<

��ß � 2 + 0<à +,� ´ % �âá 0 /�# H dDÚ h �
with: ã ß � 2 + 0!à +,� �|o � � ´ ½ä Ì � �³É�V # 2 +U# o Tr ª 2 e �+ � à + ´ »4¾ä Ì � «å + �&5 ���

� " ���M�·×W� � ��#��t�À×W� 0 H dDÚ h �
and

à +
theweightedsamplecovariancematrix:à + � 5 � ��

� ���t�À×W� o / dÛÚ z
��h+ �����t�À×W� o / dDÚ z
��h+ �<æ " ���M�À×W� � ��#��
�·×W� 0 H dÛÚ h �5 � ��

� " ���M�À×W� � ��#��t�À×W� 0 H dDÚ h �

Thus,the maximizationof Ù with respectto
2 +

is equivalentto the maximizationofß � 2 + 0<à +,�
with respectto

2 +
. Thenecessarygradientequationsare:ç ß � 2 + 0!à +,� � Tr ¯ � 2 e �+ � à + ´ Á Äå + � 2 e �+ o � � ´ Çå + � 2 e �+ � ç 2 +uè � £

(2)

In theunconstrainedcase,thesolutionof (2) is
2 + �êé Ì zÐë3ìí Ì��z�îí Ì . Constraintmaximization

of ß with
2 +°@~}

for any
}

is not easy. However, if
}

is suchthat
2 @ï}Bð ç 2 @ï}

(for examplethe setof Toeplitz matrices)thenwe replacethe secondstepof the EM
algorithmby thefollowing:

1. Find ñ dÛÚ z
��h+
belongingto

}
so that ß � 2 dÛÚ h+ 0!à + o�ñ dDÚ z
��h+ �

satisfiesthe necessary
gradientconditions.

2. Put
2 dDÚ z
��h+ � 2 dDÚ h+ ´ ñ dÛÚ z
��h+

Thismodificationpreservesthemonotonicityof theEM algorithmandmakestheprob-
lem linear in ñ +

andso it is easierto imposeconstraintswith the condition that the
variationof

2 +
still belongsto

}
, which is truefor a wide rangeof constraintssuchin

theToeplitzcase.



StructuredBayesiansampling

We proposethefollowing Bayesiansamplingscheme:

1. Generate
�Uæ�	��� � Þ " ���3�	��� �ò#·�M�	��� � 0 H dÛÚ h � ;

2. Generate ñ dDÚ z
��h+
belonging to

}
according to the a posteriori distribution" � ñ +$#����	��� � 0 ��æ�	��� � � Þ i Zlkyó ß � 2 dDÚ h+ 0<à + onñ dDÚ z
��h+ �!ô

.

3. Update
2 dDÚ z
��h+ � 2 dDÚ h+ ´ ñ dÛÚ z
��h+à +

is thesamplecovariancedependingon thepartitiondefinedby
� æ�	��� �

:ã à + �öõÂ÷³øÍù Ì�ú d ��h ú d ��h³ûü�ý<þ	ÿ d�� Ì h� + ��� ×(#·�M�·×W� � � �
To besurethatthesamplingkeepsñ +

in theclosedset
}

, wedefineabasis
����������

�	��� �

of
}

andwe sampletheprojectionof ñ +
on

}
: 	 �	��� � Þ " � 	 �	��� ��#����	��� � 0 ��æ�	��� � � , wherethe

vector 	 �	��� � is definedas: ñ + � �; ��

��
 �����

MIXED SOURCES

We considernow thecasewheresourcesarenot directly observed,but mixedwith an
unknown mixing matrix

Ø
andwewantto take into accountmeasurementerrorssothat

observationsaremodeledby thefollowing equation:

	 �·×W� � Ø&�t�À×W� ´�
 �·×W�
In this section,we show that whenwe are interestedin estimatingjointly the mixing
matrix

Ø
, noisecovariancematrix

2��
andtheparametersof themixture,by maximiz-

ing the likelihood " � 	 �	��� �^#�Ø 072��W0 H +J� , we encounterthesameproblemsof degeneracy
mentionedabove.Likelihoodfunctionhasthefollowing expression:" � 	 �	��� �^#�Ø 012��W0 H +,� � �` ��

� :; +<

� " +I�·×W� - ��Ø�/ + 0 Ø 2 +JØ æ ´ 2�� �
with H + � ��/ + 072 + 0 " +,� .

Theexpression" +I�À×W� � ;+���� � � ¼ + d ��h³
�+ " ���3�	��� �t� representsthemarginal law of
�M�À×W�

. Indeed,

thehiddenvariablesdo not neednecessarilyto bewhite andso themixture to be i.i.d.
We can rewrite the expressionof the likelihood in a moregeneralform in which the



marginalizationis notperformed:" � 	 �	��� �^#�Ø 072��W0 H +J� � ;+ ��� � � " ���3�	��� �t� �` ��

� - ��Ø / + 0 Ø 2 +JØ æ ´ 2�� �
It is obvious,underthis form, thatdegeneracy happenswhenoneof thetermsconstitut-
ing thesumtendsto infinity andthis is independentlyof thelaw " ���3�	��� �t� .

Considernow thematrices� + � Ø 2 +JØ æ ´ 2��
. It’ sclearthatdegeneracy is produced

when,amongmatrices� + , at leastoneis singularandoneis regular. We show in the
following thatthis situationcanoccur.

We recall that the matrices
2 +

and
2��

belongto a closedsubsetof the set of the
non negative definite matrices.Constrainingmatricesto be positive definite leadsto
complicatedsolutions.The main origin of this complicationis the fact that the setof
positive definite matricesis not closed.For the samereason,we don’t constrainthe
mixing matrix

Ø
to beof full rank.

Proposition 3: � Ø
nonnull, � matrices��� + � Ø 2 +,Ø æ ´ 2��

for
� �6������� } suchthat� � # � +�������� 9 ß�� � �����"!�$# and � � # � +%�&� � Ö ß'� � � � �"!�(# .2��

is necessarilyasingularNND matrixand )_� � ÕÊ� � �G# 2 +%�&� � Ö ß��*� � ��� � � � .

Proof: Without affecting the generalityof the problem,we show how to construct
a singularmatrix � � and the othersmatrices� + regular. We considerNND matrices.
Therefore,the kernelof the correspondentlinear mappingcoincideswith its isotropic
cone.Thus,wehave: � Ö � � � +,� ��� Ö � ��Ø 2 +,Ø æ �'+ � Ö � � 2�� �
It is sufficient to prove the existenceof

2��
and

� 2 +,�!+<

�	��� : that verify the following
condition: , � Ö � ��Ø 2 �<Ø æ ��+ � Ö � � 2�� � !� � £ �� Ö � ��Ø 2 +uØ�æu��+ � Ö � � 2�� � � � £ � 0.- � a �³��� (3)

If thematrix
2��

is regular, thereis nodegeneracy: Accordingto themini-maxprinciple
appliedto thecharacterizationof theeigenvaluesof thesumof two hermitianmatrices,
theeigenvaluesof � + aregreaterthanthoseof

2��
andthenstrictly positivewhich imply

thatall of thematrices� + areregular.
We have: � Ö � ��Ø æ �0/ � Ö � ��Ø 2 +JØ æ � 0 � �|�U�³��� (4)

Equality holds if
2 +

is regular or if � Ö � � 2 +,� +2143���Ø æu� �ê� £ � . Note that if all the
matrices

2 +
areregular, thereis no degeneracy.

Supposethenthat the matrices
2 +

, exceptthe first matrix
2 �

, areregular. We will
try now to constructthe matrices

2 �
and

2��
makingthe condition(3) verified.Let a



nonnull vector 	 � belongto N²� Ö � ��Ø æ �!P65
. Thereexist NND matrices

2 �
and

2��
such

that 	 � @ � Ö � ��Ø 2 �WØ æ �*+ � Ö � � 2�� �
. In fact, considerthe family of vectors

� 	87 � 7 K:9
belongingto � Ö � ��Ø�æu�

suchthatthefamily ��	 �u�<; � 	87 � 7 K�9 is orthogonal(this is insured
by the principle of the incompletebasis).The matrices

2 � � 5 7 K:9 Á 7=	87>	 æ7 ( Á 7@? £
)

and
2�� � 5 7 K:9 Ç47'	87A	 æ7 ( Ç47B? £

) are such that 	 � @ � Ö � ��Ø 2 �WØ æ �<+ � Ö � � 2�� �
by

constructionand � Ö � ��Ø 2 +JØ æ �=+ � Ö � � 2�� � �Ë� £ � . We have thenconstructedmatrices
whichverify thedegeneracy condition.

Note that the fact that thematrices
2 �

and
2��

aresingularis a necessarycondition
but notsufficient; thematrix

2 �
canbesingularwith � Ö � ��Ø 2 �WØ æu� � � Ö � ��Ø æu�

andso
thereis no degeneracy, or aswell,

2��
is singularbut � Ö � ��Ø 2 +,Ø æu�'+ � Ö � � 2�� � !�|� £ � ,� �F@ �����³����� , which implies that all matrices � + are singularand so no degeneracy

occurs.

DEGENERACY ELIMINATION IN THE MIXED CASE

In the light of what we presentedin the two first paragraphs,one possibleway to
eliminatethis degeneracy consistsin penalizingthe likelihoodby anInverseWisharta
priori for covariancematrices.In fact, we know that the origin of degeneracy is that
the covariancematrices

2 +
and

2��
approachthe boundaryof singularity (in a non

arbitraryway).Thus,if wepenalizethelikelihoodsuchthatwhenoneof thecovariance
matricesapproachestheboundary, thea posterioridistributiongoesto zero,eliminating
theinfinity valueat theboundaryandevenforcing it to zero.

Proposition C : ��	 �	��� ��@&��xED°� �
, the likelihood " � 	 �	��� �^# H + 072��Í0 Øn�

penalizedby an
a priori InverseWishart for the noisecovariancematrix

2��
or by an a priori Inverse

Wishart for the matrices
2 +

is boundedand goesto
£

when one of the covariance
matricesapproachestheboundaryof singularity.

Proof 5: The proof is basedupon the proof of the proposition � , except the fact
that herethe a priori is not directly relatedto the matrices � + � Ø 2 +,Ø æ ´ 2��

, but
to covariancematrices

2 +
or

2��
. Then,wehave thefollowing alternative:

• If one penalizesby an a priori InverseWishart on the matrix
2��

, we have the
following inequality:� " � 2�� �Í� ��f�� - ��Ø�/ +10 � +,�ÐÏ Ñ# � +U# ��f*g �# 2�� # ½ i Z4k~¿ÀoÂÁ Tr Ã 2�� e �UÄ{Å1Æ
Now accordingto themini-maxprincipleappliedto thecharacterizationof eigen-
values,wehave: # � +�# � #bØ 2 +JØ æ ´ 2�� # ? # 2�� #



whichyieldsthefollowing inequality:� " � 2�� �Í� ��f�� - ��Ø�/ +10 � +J�ÐÏ �# 2�� # Ô i Zlk ¿ o�� Tr Ã 2 e �� Ä Å�Æ
This insuresthe convergenceto

£
of the penalizedlikelihoodwhen

2��
goesto a

singularmatrix andinsures,aswell, theeliminationof degeneracy which onethe
necessaryconditionsis thesingularityof thecovariance

2��
.

• If wepenalizeonly by anInverseWishartprior onthematrices
2 +

with anuniform
a priori on thematrix

2��
, wehaveasimilar inequality:� " � 2 +J�Í� ��f�� - ��Ø / + 0 � +J� Ï �#�Ø 2 +JØ æ # Ô Ì i Zlk~¿ÀoÂ� + × �U�4F Ö Ã 2 e �+ Ä + Å�Æ

Here, the only query is that the determinant
#�Ø #

goesto zero faster than the
exponentialof

# 2 +U#
but, in thissituation,thedegeneracy condition(3) is notverified

becauseof theinclusionrelation(4).

CONCLUSION

The setof parametersingularitieswhich characterizesthe likelihooddegeneracy of a
multivariateGaussianmixture is identified.A Bayesiansolution to this degeneracy is
proposed.We proposeda modifiedversionof thedataaugmentationalgorithmswhich
allows to accountfor someconstraintson the structureof the covariancematrices
of the Gaussianmixture distribution. It consistsessentiallyin the introductionof an
inverseiteration to make the problemlinear with respectto the matrix estimate.The
caseof sourceseparationwith Gaussianmixturemodelsourcesis alsoconsideredand
discussed.
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