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Abstract. We presenta techniquebasedon theExpectation-Maximization(EM) algorithmfor the
separationof thecomponentsof noisymixturesin theFourierplane.We performasemi-blindjoint
estimationof components,mixing coefficientsandnoiserms levels. A priori informationfor the
spatialspectrumof thecomponentsandfor themixing coefficientscanbenaturallyincludedin the
algorithm.This methodis appliedto the separationof distinct astrophysicalemissionson simula-
tionsof futureobservationswith theHigh Frequency Instrumentof thePlanckspacemission,dueto
belaunchedin 2007.Thesimulationsincludeamixtureof astrophysicalemissionsandinstrumental
white noiseat the levelsexpectedfor this instrument.We have obtainedgoodpreliminaryresults
with this technique,beingableto blindly separatenoisymixtureswith 3 components.

INTRODUCTION

Therestitutionof signalsor imagesfromtheobservationof theirmixtureshasgrown into
a field of itself now classicallycalled“sourceseparation".Astrophysics,beinga field
of physicsin which nearlyall the informationwe cangetaboutthephysicalprocesses
occurringin verydistantplacesis throughobservationof theirelectromagneticemission,
is naturally a field in which sourceseparationmethodscan be usefully applied.One
suchapplication,of particularimportance,canbefoundin millimeterandsubmillimeter
astronomy.

Mappingandinterpretingsky emissionsin the millimeter andsub-millimeterrange
recentlymadepossiblethanksto dedicatedsensitiveballoonborneandspacebornein-
struments,is indeedoneof themainobjectivesof presentandupcomingobservational
effort in astronomy. Among the scientificobjectivesof theseobservations,the precise
measurementof primordial temperatureand/orpolarisationfluctuationsof theCosmic
Microwave Background(CMB) radiationis oneof thepriorities,which hasbeengiven
recentlya tremendousemphasis.This radiation,emittedsome12-15billion yearsago,
conveys a largeamountof informationaboutour universeasa whole.The importance
of measuringanisotropiesof the CosmicMicrowave Background(CMB) to constrain
cosmologicalmodelsis now well established.In thepasttenyears,tremendoustheoreti-
calactivity demonstratedthatmeasuringthepropertiesof thesetemperatureanisotropies
will constraindrasticallythecosmologicalparametersdescribingthemattercontent,the



geometry, andthe evolution of our Universe[12, 13]. Recently, balloon-borneexperi-
mentssuchasBoomerang[4] andMAXIMA [9] havemeasuredtheCMB anisotropiesin
smallpatchesof thesky at higherangularresolution( �����
	�� ) placingstrongconstraints
onthequasi-flatnessof theUniverse.A new generationof satelliteexperimentswill pro-
videshortlymulti-frequency observationsof themicrowaveandfar infraredemissionof
thesky, with asa mainobjective theprecisemappingof CMB fluctuationsover thesky
at high angularresolutionandwith unprecedentedaccuracy. Oneof thesemissions,the
Microwave Anisotropy Probe,hasbeenlaunchedby NASA endof june2001,andwill
providefull sky 15-30arcminuteresolutionmapsof thesky in threefrequency channels
with high signalto noiseratio in eachpixel. Evenmoresensitive by an orderof mag-
nitude,thePlanckmission,to be launchedby ESA in 2007,will provide full sky maps
with 5-30arcminuteresolutionin 9 frequency channelsbetween30 and850GHz.

The accuraciesrequiredfor precisiontestsof the cosmologicalmodels,however, is
suchthatit is necessaryto achieveprecisionsontheCMB mapswell below theexpected
level of contaminationfrom astrophysical“foregrounds".Indeed,thereare at least6
differentphysicalemissionprocesseswhich will contribute significantcomponentsin
the Planckobservations.Thus,it is crucial for the successof thesefuture missionsto
separateCMB andforegroundsin theobservedmicrowavemaps.Theseparationof these
emissionsby adaptedsourceseparationmethodsis expectedto beoneof themainsteps
in theanalysisof futureCMB data.

So far, two setsof independentalgorithmshave beenproposed:MEM andWiener
filtering [3, 17, 11] for which the electromagneticspectrumof the componentsis
assumedknown, andblind IndependentComponentsAnalysis(ICA) [1] for which noa
priori is assumed.The former algorithmsgive promisingresultsalthougharestrongly
limited by theuncertaintiesin theelectromagneticspectrumof thecomponentswhich,
aswe indicatedabove, canbeseverefor someof them.The ICA algorithmhasshown
promisingresultsfor simplifiednonnoisymixturesbut hasnot yet attaineda sufficient
gradeof sophisticationto accountfor instrumentalnoiseandbeamsmoothing.

We proposean alternative method for the separationof componentsin multi-
frequency CMB data,basedon theexploitationof thespectraldiversityof thedata.The
maximisationof the likelihood is achieved with an Expectation-Maximization(EM)
algorithm.Our methodpermitsthe simultaneousestimationof the spatialdistribution
of the componentsand of their electromagneticcontinuumspectrumof emission.In
section2 we describethebasicmodelfor noisymixturesin theframework of thesepa-
rationof CMB andforegrounds.In section3 we presentsimulationsof theHFI Planck
observationswhich are usedto test the separationalgorithm. Section4 describesin
detailtheEM algorithmappliedto theseparationof components.Section5 summarizes
themainresultsweobtainby applyingtheEM algorithmto our simulations.

MODELING CMB DATA AND FOREGROUNDS

Weclassifythemainrelevantastrophysicalcomponentsin themillimetre rangein three
kinds of components.The CMB anisotropy signal, cosmologicalin origin, hasbeen



emittedin the very distantpastasa relic radiationfrom timeswhenthe universewas
fully ionisedandbeforeastrophysicalobjectsasgalaxiesandclustersformed.Extra-
galacticforegrounds,lessdistantin origin, aredueto emissionscomingfrom outside
ourgalaxy. Galacticcomponents,finally, originatefromourowngalaxy, andarestrongly
peaked towardsthe galacticplane.The main emissionsat millimeter wavelengthscan
besummarisedas:

1. CMB anisotropies.
2. Extra-Galactic Foregrounds

• Pointsources(radio-galaxies,infraredgalaxies,quasars).
• TheSunyaev-Zeldovich (SZ)emissionin clustersof galaxies.

3. Galactic Foregrounds
• Dustemission:thermalemissionfrom intragalacticcold dustgrains.
• Synchrotronemission:radiationfrom relativistic electronsin Galacticmag-

neticfields.
• Free-Free(Bremsstrahlung)emission:radiationfrom freeGalacticelectrons.

Thesecomponentsareknown to have differentspectralemissionlaws asa function
of theobservingfrequency  . Therefore,theseparationof thevariousemissionscanbe
achievedusingmulti-frequency observations,i.e. theobservationof thesky at different
wavelengths,with componentseparationtechniquesbasedonthediversity(andpossibly
theprior knowledge)of electromagneticspectraof foregroundsandCMB, andalsoon
the spatialstatisticalindependenceof the differentcomponents.For the CMB andSZ
effect the electromagneticspectrumis accuratelyknown and can be included in the
separationmethods[11]. However, for the restof the componentswe dispose,in the
bestof thecases,only of spectraextrapolatedfrom distantfrequencies[5]. Thespatial
spectrumof thecomponentsis not known althoughreasonablygoodextrapolationscan
beobtainedfrom observeddataat lower resolution[3].

As a first stepin discussingcomponentseparationtechniques,we presentthe basic
modelwhich canbeusedto describetheobservedsky emission��������� at position � and
at frequency  . In themillimeter andcentimeterrangeof theelectromagneticspectrum,��������� can be consideredas a linear superpositionof CMB radiation �������� ��! "��� and
foregroundemissions��$# �"! ���� convolvedwith theinstrumentalresponseof thedetector,% ���&�'� , which is hereassumedto besymmetricfor simplicity. Wehave :���(�&���*)+�������� ��! "�'��, % ���&���!- .0/1 #32�4 ���# �"! �����, % �������5-76'�(����� (1)8 # representsthenumberof independentforegroundcomponentsconsidered,, defines
theconvolutionoperatorand 6'���&��� is theinstrumentalnoiseof thedetector.

In the caseof the CMB radiationthe spatialandelectromagneticfrequency depen-
dencecanbeseparated, �������� ��! "���9);: ����� �"<�>= ������� �����



FIGURE 1. Spatialtemplateof theCMB, dustandSZcomponentsusedin thesimulationspresentedin
thetext. For visibility theSZ templateis displayedin log scale.

FIGURE 2. Electromagneticspectrumof the CMB, dustandSZ componentsusedin the simulations
presentedin thetext. Thesespectrafully definethemissingmatrix ?A@ whenthebeamsmoothingeffects
areneglected.

being : ����� �"<� and ������� �&�'� theCMB electromagneticspectrumandspatialdistribu-
tion respectively. For mostforegroundcomponentswecanalso,at leastto first approxi-
mation,separatethespatialandfrequency terms[3, 11] sothatequation1 reads���(�&���*)B: ����� ��<� ������� ������, % �������5- .C/1 #D2�4 : # �"<� ��# ������, % �������5-76'�(�����
where: # representsthemeanelectromagneticspectrumof theforegroundcomponents.
Typical spatialtemplatesfor CMB, dustandSZ emissionsareshown in figure 1, and
thespectralemissionlaw (asa functionof electromagneticfrequency) in figure2.



From the modelingpoint of view, the CMB componentis not specialandtherefore
wecanwrite ������5 ����*) .�E1 F 2�4 : F �"<� � F ������, % ���&�'�5-76'�(�����
where

8HG ) 8 # -JI . Thus,for asetof detectorsKL)MI( N�O�P 8RQ operatingatelectromagnetic
frequencies Q � Q �&���*) .<E1 F 2�4�S Q F � F �&�'��, % Q �����5-76 Q �&�'� (2)

whereS Q F );: F �� Q � is a
8HQ = 8RG matrix calledthemixing matrix.

If we assumethe instrumentalresponseof thedetectorsto bespatiallyinvariantit is
moreconvenientto work in Fourierspace,sincetheconvolution in equation2 becomes
asimplemultiplicationandweobtainT� Q ��U9�*) . E1 F 2�4 TS Q F ��U9� T� F ��U9�!- T6 Q ��U9� (3)

where
TS Q F ��U9�L) S Q F T% Q ��U9� . Further, equation3 is verified for eachFourier mode U

independently.
Hereafter, to simplify themathematicalformalismin thefollowing sections,we will

not includethebeamsmoothingin theanalysis,sothatequation3 in matrixnotationand
for eachmode U becomes V ��U9�W)YX+Z'�"UA�5-7[H��U9� (4)

where

V
, Z and [ arecolumnvectorscontaining

8HQ
,
8RG

and
8HQ

complex components
respectively, andthematrix X hasdimensions

8RQ = 8HG .
Note that the separationof componentsrequiresthe joint estimationof the sourcesZ and the mixing matrix X (or at leastsomeof its elements).In practice,the noise

covariancematrix, \^]0)`_bac[d[fe�g is not verywell known andin mostcaseshasalsoto
beestimatedfrom theobserveddata,

V
.

SIMULATED OBSERVATIONS FOR THE PLANCK HIGH
FREQUENCY INSTRUMENT

The Plancksatellitewill measurethe emissionfrom the whole sky in the electromag-
netic frequency range30 to 850 GHz. The datawill be taken using two independent
instruments,the Low Frequency Instrument(LFI) andthe High Frequency Instrument
(HFI). Here,we only consider(asa startingpoint for devising andtestingcomponent
separationmethods)theHFI instrumentwhichobservesthesky in 6 frequency channels
between100 and 850 GHz. In the frequency rangeof the HFI instrument,the CMB



radiationdominatesat low frequenciesandthedustemissionathigh frequencies.In ad-
dition, we expectsignificantcontribution from theSZ effect in clustersof galaxies.The
restof the foregroundcomponentspresentweakemissionat the HFI electromagnetic
frequencies.

Wesimulate,following themodelintroducedin section2, observationsfrom 6 detec-
tors(

8RQ )Mh ) correspondingto the6 HFI frequency channels.To reducethecomputing
time we restrictour simulationsto small patchesof thesky of i(�(�j=ki(��� squarepixels
of 2.5 arcmin as describedin [7]. Working on small mapsfinds also a theoretical
justificationin thefactthatthespectrumof emissionof thedust(for instance)is known
to vary slightly from a region of the sky to the other. The instrumentalnoisefor each
detectoris consideredwhiteandGaussianof zeromeanandof rmsexpectedfor theHFI
instrumentchannels.We alsoassumeno correlationbetweenthenoiseof thedifferent
detectors.

The simulationsinclude3 components(
8RG )li ), CMB radiation,dustemissionand

SZeffect in clustersof galaxies.TheCMB componentis aGaussianrandomlygenerated
realisationof CMB anisotropiesobtainedfrom atheoreticalspatialpowerspectrumcal-
culatedwith CMBFAST [16]. Theelectromagneticfrequency dependenceof theCMB
componentis the derivative with respectto temperatureof a PlanckBlackbodyspec-
trum,at temperatureT=2.726K. Thedustcomponentwasobtainedby extrapolationof
theIRAS satellite100 m m map(which servesasa spatialtemplate)to theHFI frequen-
cies,with an electromagneticspectrumproportionalto !n3op�q�&rY)sI$t!�
uWvR� . Finally, the
spatialtemplatefor the SZ component,due to the inverse-Comptonscatteringof pri-
mordialphotonsby hot electronsin theionisedgazpresentin clustersof galaxies,was
obtainedfrom a simulationof thespatialdistribution of theSZ comptonizationparam-
eter[6]. Theemissionlaw of theSZ emissionis known theoretically, anddependsonly
on the frequency of observation (in theKompaneetsapproximation,which we assume
here,see[2] for details).
Thesimulatedobservationsareobtainedfrom thesuperpositionof thethreeabove spa-
tial templateswith mixing coefficientssetby the electromagneticspectraof emission
andthefrequency of observation.Theobservationsusedasinputsin theseparationpro-
cedure(with noiseaddedat the level expectedfor PlanckHFI detectors)areshown in
figure3.

THE SEPARATION METHOD

Theblind separationof sourcesconstitutesacommonexampleof missingdataproblem
(problemsfor which only partial informationis available)in theliterature[14]. Indeed,
following equation4 andconsideringtheestimationof themixing matrix, X , from aset
of observations

V
, wecanconsiderthecomponentsof themixture, Z asthemissingdata

in our problembecausethey arenot directly availableto theobserver. As discussedin
the previous sections,we arealso interestedin the estimationof the noisecovariance
matrix, \ , whichcanbeconsideredasanadditionalparameterin theseparation.



FIGURE 3. Simulatedobservationsof thesix HFI channels.

Given the observations

V
, our approachis thus to estimatefirst the mixing ma-

trix X andthe noisecovariancematrix \w] by maximizingthe log-likelihoodfunctionxzy�{d| � V 4~}�} ��� X� �\w]~� , �*�X� ��\w]~�*)`��� {>� ��������*� xOy({L| � V 4~}�} ��� X� �\w]~�
The maximizationof this log-likelihoodwill be madewith a specificimplementation
of theExpectationMaximization(EM) algorithmintroducedby Dempster-Laird-Rubin
in [8]. Theestimationof thesourcetemplatesis doneafterwardsby invertingthelinear
system�R) S � -�6 usinga classicalinversionmethodasdoneby BouchetandGispert
in [3].

The EM algorithm: formalism

Let’s considera missingdataproblemwith observeddata � V ���<�N������� 4~}�} ��� andmissing
data �"�d������� �D�$� 4~}�} ��� , for which we want to estimatethesetof parameters,� . Hereafter,
we will noteasthe incomplete-dataproblemthat for which only theobserveddataare
usedto obtaintheunknown parameters,andthecomplete-dataproblem,that for which
themissingdataarealsoconsideredin thesolution.



An optimal estimateof � , �� can be obtainedby maximizing its incompletelog-
likelihoodfunction, � ���W�*) xzy({*| � V � �W�
However, in many practicalcases,this function is complex anddifficult to work with
andit is moreconvenientto solve thecomplete-dataproblem.

The EM algorithm permitsto solve the incompletedataproblem.It is an iterative
algorithmwhichgeneratesasequenceof approximationsto find themaximumobserved
likelihoodestimatorwhenonly partialinformationis available,by marginalizingateach
iterationover themissingdata.

At iteration ��-�I of thealgorithmwecanwrite�� N¡ 4 )B¢ ���5 £� (5)

where ¢ is a mappingfunction, namedthe re-estimationtransformation.After the
initialization to an arbitrary point �0¤¦¥�§ , the new estimateof � is computedusing
equation(5), until a fixed point is obtainedsuchthat �  N¡ 4 )s�   . The mapping ¢ is
performedin two steps

• ¨ -step: Computationof ©ª�"�A ~�< D�*)Y¨ « xzy�{*| � V  c� � �W� � V  c�! ¬
• M-step: Find �  �¡ 4 )Y��� {>� ���® �°¯ ©ª�"�A ~�   �

where
| � V � �W� and

| � V  �� � �W� denotethe incompleteand the completeprobability
distributionsrespectively.

A fundamentalproperty of the EM algorithm is the fact that it ensuresthe
monotonousincreasing of the incomplete likelihood function. Any value of �
such that ©ª�"�A ~�   �j±²©k���    ~�   � increasesas well the incompletelog-likelihood, ³��µ´ ,� �"�W�L± � F �"�� �� . Moreover, �� is a critical point of the incompletelikelihood

| � V � �W�
if and only if it is a fixed point of the re-estimationtransformation,¢ . A more de-
taileddescriptionof theconvergencepropertiesof theEM algorithmcanbefoundin [8].

Basic steps in the EM algorithm
The implementationof the EM algorithmstartsby choosingan initial guessfor the

unknown parameters,� ¤ , which is usedin the first iterationof the algorithm.Then,at
eachiteration ��-�I thefollowing basicstepsareperformed

• i) �¶) � �   .
• ii) ¨ -step:Compute©ª�"��·¸ c�W� .
• iii) M-step:Find �  �¡ 4 suchthat ©k���  �¡ 4  ~�*�¹±;©k����·z ~�W� for all �0·q¥�§ .

Theiterativeprocedureis stoppedwhenafixedpoint is reachedsothat �  �¡ 4 )M�  N¡ 4 .
Penalized EM algorithm



In a Bayesianframework, wecanconsidertheparameters� asrandomvariablesdis-
tributedaccordingto ana priori

| �"� �¸º � . Thea posterioridistribution for � ,
| ��� � V  º �

canbeconsideredasapenalizedversionof thelikelihood
| � V � �W� suchthat:| �"� � V  º �*» | � V � ��� | ��� �¸º �

The EM algorithm can be extendedto a penalizedversionthat convergesto a local
maximumof thepenalizedversionof thelikelihoodfunction[10]. Thepenalizedversion
of theEM functional ©L¼q�"�¹ ~� � � is givenby:©L¼5���A c�� ��½) ¨¾« xOy({*| � V  ��L �� �¸º � � V  ~�5 3¬) ¨¾« xOy({*| � V  �� � �'� � V  c�   ¬�- xzy({*| ��� �¸º �) © �¦¿ ���A c�   �!- xOy({W| ��� �¸º �

Application of the EM-algorithm to source separation

Missing information model
Now we considerthe applicationof the EM algorithm to the problem of source

separationin Fourierspace.For this reason,wecall it Spectral EM algorithm.
As discussedin section 	 , at eachmode U , the vectorof observations

V
arisesfrom

thefollowing model V ��U9�*)MXYZ'�"UA�5-7[H��U9�
Matrix X is the unknown (or partially unknown) mixing matrix andwe assumethat[H��U9� is a zeromeanGaussianwhite noisewith unknown diagonalcovariancematrix\w] . Wewill consider�¾)À��X� ~\w]c� theunknown parametersto beestimated.

The incompletelikelihoodfunction we want to maximize,
| � V 4~}�} ��� XJ °\^]c� , canbe

derived by marginalizing the joint distribution
| � V 4~}�} �  $Z 4~}�} ��� XJ °\^]c� over sourcesas

follows: | � V 4~}�} �Á� XJ °\^]c�*)MÂ<ÃÅÄÇÆ Æ È | � V 4~}�} �  $Z 4~}�} �Á� XJ °\^]c��KAZ 4~}�} �
In ourmethod,weassumeaprior knowledgeof thesourcesspatialpowerspectra,i.e.

the componentsZ'��U9� areassumedto follow an a priori probability distribution of the
form | �"Z'�"UA� �&É ��U9���
where � É �����D�°Ê representthea priori spatialpowerspectrumshape.

Assumingstationarityfor the sources,the Fourier modesarenot correlated.In ad-
dition, we supposetheir independenceandthuswe canperformtheseparationat each
Fourier modeindependently. The independencein the spectraldomaincanbe written



as: ËÌÌÌÌÍ ÌÌÌÌÎ | �*��Z���U9����Ï��°Ê � � É ��U9����Ï��£ÊÐ�*)bÑÏ��£Ê | ��Z���U9� ��É �"UA�N�| �*��[H�"UA�N�NÏ��£Ê � \^]0�*)bÑÏ��°Ê | ��[H��U9� � \w]��
Becauseof this independence,U is replacedby theintegerindex � and Ò¾)ÔÓqI(�P�
Õ�Ö is a
fixedarbitraryarrangement,whereÕ is thenumberof Fouriermodes.

We canwrite thecompletedata � V 4~}�} �  $Z 4~}�} � � probabilitydistributionas| � V 4~}�} �  $Z 4~}�} �Á� XJ �\^]��>) �Ñ� 2�4 | � V � � Z5�<XJ �\^]c� �Ñ� 2�4 | ��Zq� ��É ���
sothat,thecompletelog-likelihoodfunction

� G
is givenby� G ��X� $\^]c�×) xzy({*| � V 4~}�} �  $Z 4~}�} ��� X� �\w]~�) �1 � 2�4 xzy�{*| � V � � Zq�CX� $\^]��¹- �1 � 2�4 xOy({*| ��Z5� ��É �°�) �1 � 2�4fØ*Ù I	 � 	�Úp\w] � Ù I	 � V � Ù XMZq��� e \7Û 4] � V � Ù XMZq�°��Ü7-�Ý �£Þ

(6)

Implementation of the Spectral EM algorithm

Thefunctional ©k���9 �� � � is givenby©Ma�� � �� �g ) ¨ Ã(ß ®�à « xzy({�á � V 4~}�} �  �Z 4~}�} ��� �'� � V 4~}�} �  ��� Å¬) â Ã ÄÇÆ Æ È xzy({ãá � V 4~}�} �  $Z 4~}�} ��� �W� á ��Z 4~}�} �Á� V 4~}�} �  $�   ��KAZ 4~}�} �
andusingequation6, weget,©�aä� � �! Dgf) Ù Õ 	 xzy�{ 	�Ú9\w] Ù Õ 	 Tr å$\�Û 4] ���\wæ�æ Ù X+�\ eæ�ç Ù �\èæÅçNX e -�Xé�\^ç�çäX e �Nêj-�Ý �£Þ

where ËÍ Î �\èæ�æ ) 4�^ë � V � V e��\èæ�çì) 4� ë � V �£¨ « Z e � � V �� ~�  ¬�\^ç�ç ) 4�^ë � ¨í«�Z5�°Z e � � V �� ~�! 3¬ (7)

To obtaintheparameter�! �¡ 4 )���X  �¡ 4  ~\  �¡ 4] � atiteration�>-�I , wesolvethefollowing
gradientequationswith respectto X and \w] in order to maximizethe functional © .



The completelog-likelihood function
� G

of equation6 is quadraticas a function ofX andconsequently, the functional ©ª�"XJ $\w] � X    $\   ] � is alsoquadratic in X andits

derivative with respectto \^] canbe easilycalculated.Therefore, �X  �¡ 4 and î\w]  �¡ 4 are
easilyderived.ËÍ ÎðïDñï � )YÕJ\ Û 4] � �\èæÅç Ù X �\Áç"çN�*)`�ïDñï � � ) � n \ Û 4] � �\èæ�æ Ù X �\èeæ�ç Ù �\wæ�çÅXªed-�X �\^ç�ç�Xèe0��\ Û 4] Ù � n \ Û 4] )Y� (8)

whichyieldsto there-estimationequationsËÍ Î X  �¡ 4 ) �\wæ�ç<� �\Áç"çN� Û 4\  �¡ 4] ) �\èæ�æ Ù X  �¡ 4 �\ e æ�ç Ù �\èæ�ç£�"X  N¡ 4 � e -�X  N¡ 4 �\^ç�çD��X  �¡ 4 � e (9)

We now focuson the computationof the statistics(7) involved in the re-estimation
transformation(9). The statistic �\èæ�æ , which representsthe auto-covarianceof the
observations,is directlycomputedfrom thedata

V 4~}�} � , andremainsconstantthroughout
iterationsof the EM algorithm. The statistic �\wæ�ç representsthe a posteriori cross-
covarianceof the observationsand the sourcesand the statistic �\Áç"ç representsthe a
posterioriauto-covarianceof thesources.Thestatistics �\èæÅç and �\^ç�ç need,respectively,
the computationof the a posteriori expectation ¨s«PZ5� � V �� $�   ¬ and the a posteriori
covariancës«PZq�CZ�e� � V �� ��   ¬ which dependson the a priori distribution of the sources| ��Z'�"UA� ��É �"UA�N� . We considerin thefollowing two differentprior distributions:

(i) Gaussianprior which correspondsto theWienerfiltering
(ii) Entropicprior whichcorrespondsto theMEM deconvolution.

Gaussian prior:
Theapriori distributionof thesourcevector Z5� isassumedto beazeromeanGaussian

with covarianceÉ � : | ��Z5� ��É �°�*»Mò3��ó�ô Ù I	 Z e � É Û 4� Zq�3õ
Then,thea posterioridistribution isá �"Z5� � V �� ~X� ~\w]~�*»Yò3�!ójö Ùj÷ ��Z5���äø
with ÷ ��Zq���*) I	 � V � Ù X�Zq�°� e \ Û 4] � V � Ù X�Zq�°�5- I	 Z e � É Û 4� Z5�



Thus,theexpectationsareeasilyderivedasfollowsËÍ Î ¨köµZq��ø!)Mù��ã) « X e \ Û 4] Xl- É Û 4� ¬ Û 4 X e \ Û 4] V �¨köúZ5�$Z�û� ø5) « X e \ Û 4] Xl- É Û 4� ¬ Û 4 -�ù��£ù e �
Entropic prior:

For most foreground componentsthe Gaussianprior doesnot fully representthe
underlyingphysicalprocesses.For thisreason,Hobsonetal. [11] introducedanentropic
prior for the sources.Defining üã� a hiddenvectorsuchthat Z5�ý)ÿþj��üã� , where þj� is
obtainedfrom theCholesky decompositionof thespectrumof sourcesÉ � , theentropic
prior canbeexpressedasfollowsá �"ü�� ��� �� ����W»Mò3�!ójö�� � ��üã�� � �£�äø
where

� ��üã�� � �°� is thecomplex cross-entropy of üã� and � � is adefaultmodelfor ü��ËÌÌÌÌÌÌÌÌÌÌÍ ÌÌÌÌÌÌÌÌÌÌÎ
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Then,thea posterioridistributionof üã� is:á ��üã� � V �� ~X� ~\w]~�*»Yò3�!ójö Ùj÷ ��üã�$�äø
with ÷ ��üã�°�>) I	 � V � Ù X�þ�üã�£� e \ Û 4] � V � Ù X�þ�üã�£� Ù � � ��üã�� � �°�

Thefunction ÷ ��üã�°� beingconvex, thea posterioriexpectationof ü�� canbeapprox-
imatedby the minimum � üã� of this function and the covarianceby the inverseof the
Hessianö$# �&� ü��£�äø Û 4 computedat this minimum:ËÍ Î ¨köµZq��ø5)Yþ �ü��¨köµZq��Z(e� ø5)Mþ ö$# � � üã�°�~ø Û 4 þdep-�¨köúZ5��øz¨köµZq��ø&%



Theminimum � üã� canbecomputedwith aniterativeminimizationalgorithm.Expres-
sionsfor thegradientandthehessianof ÷ areeasilyderived,ËÌÍ ÌÎ('*) � ÷ )Mþ e X e \ Û 4] ��XÁþ�ü�� Ù V �°�!-+� � xzy�{ å � � à ¡�� �  n��-, à ê �   2�4~}�} �' n ) � ÷ )Mþde'Xªe'\ Û 4] X�þ7-+�/.1032�4¦öµ	�w���65 
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APPLICATION TO PLANCK HFI SIMULATED OBSERVATIONS

Prior information

Thepenalizedform of thespectralEM algorithmpermitsto naturallyincludea priori
informationabouttheparameterswewantto estimate.In thecaseof CMB observations,
one will naturally disposeof additional information from theoreticalpredictionsor
from previousobservationsat thesameor otherelectromagneticfrequencies(although
in most casesat lower resolution).We can take thoseinto accountin the separation
procedure.In particular, the electromagneticspectrumof the anisotropiesof the CMB
radiationis accuratelyknown at centimetreandmillimetre wavelengths,andtherefore
thereis no needto estimateit. Further, the emissionfrom dust grainshasalso been
measuredby theIRAS satelliteat 100 m m providing a first classtemplateof it.

For a first testof theconvergencecapabilitiesof thealgorithmwe have only consid-
eredweaka priori informationaboutthe spatialspectrumof the components.For the
CMB component,the a priori spatialpower spectrumwastaken to be the theoretical
modelfitting bestcurrentobservations[7] andfor dust,themeanspatialspectrummea-
suredby the IRAS satelliteat 100m m [15]. A circular spatialspectrumwasassumed
asa prior for the SZ component.This spectrumwasobtainedfrom an empiricalfit to
numericalsimulationsof SZ templates[6]. No prior informationwasassumedfor the
electromagneticspectrumof thecomponents,i.e.,no prior on themixing matrix.

Results

The spectralEM algorithm has beenapplied to the simulatedHFI observations
presentedin section3. Theprior informationon the spatialspectraof thecomponents
is usedfor a Wiener filtering estimationof the missingdataat eachiteration of the
algorithm.Thealgorithmhasbeenimplementedin C andneedsabout20000iterations
to attaincompleteseparationrunningon a 1GHzPENTIUM IV PC,for a total running
timeof about8 hoursof CPUtimeon i(�(�p=¶i(�(� pixelsmaps.

The recoveredspatialdistributionsof the componentsareshown in figure 4. CMB
anddustcomponentsarerecoveredsatisfactorily, with signalto noiseratio of about5,
betterthanthe signal to noiseratio in any of the detectors.The SZ is recoveredwith
signalto noiseof 1, notverysatisfactorily (althoughthebrightestclusterscanbepicked



FIGURE 4. Recovered spatial templateof the CMB, dust and SZ components.For visibility, the
recoveredSZ is displayedin log scale.

FIGURE 5. The figureshows the recoveredelectromagneticspectrumof the components(diamonds)
overplottedto theinputspectrum(solid lines).

by eye on theoutput).This is essentiallydueto its peaky structurefor which a Fourier
treatmentwith very limited spectrala priori informationis not veryappropriate.

Therecoveredelectromagneticspectraareshown in figure5.TheCMB anddustspec-
tra arerecoveredto betterthan1% for all detectorswherethe level of thecomponents
is not negligible. Therecoveredelectromagneticspectrumof theSZ emissionwasmul-
tiplied by a global calibration factordue to a mismatchbetweenthe assumedpower
spectrumand the true (empirical) one. In this way the true spectrumis recoveredto
betterthan10%for thosechannelswith significantSZ contribution.

CONCLUSIONS

The spectralversionof the EM algorithmpresentedin this paperconstitutesa useful
tool for the semi-blindseparationof astrophysicalcomponentsin noisy mixturesand



in particularto separateCMB andforegroundcomponentsin futurespaceobservations
of the CMB. A first testof the algorithmon simulatedPlanckHFI observationswith
3 components,CMB, dust and SZ emissions,hasbeenproven successful.We have
beenableto achieve completeseparationwith signalto noiseof 5 andalsoto recover
the electromagneticspectrumof the componentsto better than 1 % in about20.000
iterations.

In thepresentanalysiswedonotconsiderthesmearingoutof theobservationsdueto
thefinite resolutionof thedetectors.However, thespectralEM algorithmcanbeeasily
modifiedasproposedin section2 to accountfor this. A modifiedversionof algorithm
is alreadyundertestingandwill permit theseparationof multi-frequency observations
at differentresolutions.

Furtherdevelopmentof thealgorithmis in progressincludingbetteruseof theavail-
ableprior information.In realexperiments,onewould like to takeadvantageof thefact
that theelectromagneticspectrumis known for someof thecomponentsin which case
thereis no needto estimateit within the separationalgorithm.The EM algorithmas
presentedherecannaturallyaccountfor this factby eitherreducingthenumberof free
parametersto estimateor includingapenalizationtermwhenonly partialinformationis
available.A first versionof thealgorithmimplementingtheformer is alreadyavailable
andproducesgoodpreliminaryresults.

The major drawbackof our presentimplementationof the spectralEM algorithmis
the computationtime neededfor convergence(about20000iterationsand8 hoursof
CPUto converge to completeseparation).The accelerationof the algorithmis needed
before it can be applied to full sky data setsor testedstatistically by Monte-Carlo
methods.Accelerationtechniquesarecurrentlybeingexplored.
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