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Abstract

This contribution is devoted to the degeneracy problem occuring when considering the maximum
likelihood estimator in the case of multivariate Gaussian mixture modeling. We show that the likelihood function is unbounded and we characterize the set of singularity points. We also show that the
penalization of the likelihood with an Inverse Wishart prior on the covariance matrices eliminates the
degeneracy of the solution and ensures its existence in the interior of the allowed closed parameter
set. The advantage of the penalization relies also on its algorithmic implementation eﬃciency. Indeed,
the solution can be computed with an EM algorithm with re-estimation equations as simple as those
of the non penalized (classic maximum likelihood) version. As this mixture model is also used in the
blind source separation (BSS) problems, we also prove the existence of the degeneracy and that the
penalization of the noise covariance by an Inverse Wishart prior eliminates this degeneracy as well.
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I. Introduction
We consider a doubly stochastic process formed by two layers of random variables:
1. a ﬁrst layer of discrete variables (zt )t=1..T , each random variable zt belonging to a discrete set
Z = {1..K},
2. a second layer of vector variables (st )t=1..T , each vector st belonging to an open subset of n .
Given the ﬁrst layer z1..T , the random vectors (st )t=1..T are temporally independent: p(s1..T | z1..T ) =
T

p(st | zt ). We assume in this work that the densities p(s | z) (indexed by z) have the same

Ê

t=1

parametric form f (s | ζz ) but are distinguished according to the parameter value ζz which depends on
the variable z ∈ {1..K}. In the sequel, we assume that this density is Gaussian and consequently the
parameter ζz is formed by the mean µz and the covariance matrix Rz corresponding to z.
The ﬁrst layer z1..T can be considered as a classiﬁcation process. Each observation s belongs to a
class z statistically modeled by a Gaussian N (. | µz , Rz ).
We assume that the random labels z1..T have a parametric probabilty law p(z1..T | π). The speciﬁcation of the form of this law does not have a signiﬁcant role for the main results of this contribution.
However, we may mention some important particular cases:
• The labels z1..T are i.i.d.: the parameter vector π contains then the K discrete probabilities: {πk =
p(z = k)}k=1..K . The sources are unconditionally (marginally) white:
p(s1..T ) =

T

t=1

p(st ) =

T 
K

t=1 k=1

p(zt = k) p(st | zt = k)

(1)
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This case is well studied in literature and known as the independent Gaussian Mixture Model (because
of the sum in the expression (1)).
• The labels z1..T form a Markov chain: the Markov property reﬂects the temporal dependence of the
labels and consequently the temporal dependence of the vectors s1..T . The label parameter vector π
is then formed, in this case, by the initial probabilities π 0 and the transition matrix . By applying
sequentially the Bayes rule, the probability of z1..T is written as,

È

p(z1..T | π) = π 0 (z0 )

Èz z

0 1

...

Èz

t−1 zt

...

Èz

T −1 zT

.

The main advantage of this model is the possibility to take into account the dependence of the real
observed vectors s1..T via the hidden layer z1..T . This model is referenced in the literature as the
Hidden Markov Model (HMM).
• The labels are deﬁned on an image (z1..T = Z and the index t is the location of an image pixel) and
form a Markov ﬁeld. By deﬁning a system of neighborhood ∂ [1], the Markov property is the following,
Pr(Zr | ZS\r ) = Pr(Zr | Z∂(r) ).
The parameter vector π contains then the conditional probabilities
Hidden Markov Field (HMF).

(2)
1

(2). This model is known as the

Hidden Markov Models attract the attention of many researchers in the image and signal processing
community. Among its advantages, we can mention the following points:
• The mixture model represents an interesting alternative to non parametric modeling. By increasing
the number K of labels, we can reach any probability density (refer to [2] for the use of Gaussian
mixture in density estimation).
• Some real-world signals are suitable to this modeling. For instance, speech signal processing is
an appropriate ﬁeld for the application of Hidden Markov Chains [3]. In [4] and [5], this model is
successfully applied to blind source separation problems.
• This model is an eﬃcient statistical tool for classiﬁcation [6] and 2-D segmentation [7] problems.
• The identiﬁcation of the mixture parameters, as a latent variable problem, is based on the EM
algorithm [8] which can be easily implemented.
Maximum Likelihood
For any chosen model for the labels, the marginal (unconditional) density of the observations s1..T
can be written jointly in a mixture form,
p(s1..T | θ) =


z1..T

p(z1..T | π)

T


N (st ; µzt , Rzt )

(3)

t=1

where θ represents the model unknown parameters (π, µz , Rz ), z = 1, ..., K.
Given the observations s1..T , our goal is the identiﬁcation of θ. Among the several possible approaches (reviewed in [9]), the maximum likelihood method is, by far, the most used. This is due,
essentially, to the asymptotic consistency and ﬁrst order eﬃciency of the maximum likelihood estimator (under certain regularity conditions) and also to the possibility of implementing the estimator by
the EM (Expectation-Maximization) algorithm [8], which is an eﬃcient tool in situations where we are
dealing with hidden variable problems.
1
In the 2-D case, we use instead the Gibbs distribution equivalent to the Markov field. π then contains the parameters of the
potentials Uc of the Gibbs distribution.
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We note Θ the set of the whole parameters:


Θ = θ = (π, µk , Rk ) |
p(z1..T | π) = 1, µk ∈
z1..T

Ên, Rk ∈ S+, k = 1..K



where S+ is the set of positive symmetric matrices.
Remark 1: The covariance matrices Rk are not constrained to be deﬁnite positive (regular). In
fact, the set of symmetric deﬁnite positive matrices is an open topological set. Its boundary contains
the positive symmetric singular matrices. We consider rather its adherence (closed set) which coincides
with the whole set of symmetric positive matrices. We will give later the reasons of this choice.
The maximum likelihood estimator, if exists, is deﬁned as,
 = arg max p(s1..T | θ).
θ
θ∈Θ

(4)

Main Contributions
The following points summarize the main contributions of the present work.
Degeneracy characterization: the degeneracy of the maximum likelihood, because of the unboundedness of the likelihood (3), is well identiﬁed in literature [9–12]. In this work, we assess a rigorous
mathematical characterization of the set of singularity points. Our study generalizes the results found
in the scalar case [13], to the case of multivariate observations. This characterization explains clearly
the degeneracy risk increase as the dimension n of the observations space grows. Several authors
explain the degeneracy as a Gaussian is assessed to one observation and its covariance determinant
tending towards 0. Our characterization enables to highlight the fact that degeneracy occurs in a less
restrictive case not necessarily coinciding a Gaussian component to one observation.
Degeneracy elimination: The penalization of the likelihood with an Inverse Wishart prior eliminates
this degeneracy [14]. This solution is, by far, more eﬃcient than the constrained optimization proposed
in [15]. Our contribution consists in constructing, in a general frame, using the singularity points
characterization, a class of a priori functions ensuring the elimination of the degeneracy. The Inverse
Wishart prior, as a special case, belongs to this class and oﬀers, in addition, the advantage of keeping
the re-estimation equations of the EM algorithm explicit.
Existence of solution: We prove, by considering the topological properties of the parameter space
Θ, the existence of a global maximizer of the penalized likelihood.
Degeneracy in source separation problems: We also show, in the case where the data s1..T are
not directly observed but rather instantaneously mixed and corrupted additively with a white noise,
that the degeneracy risk still exists. We give a characterization of the singularity points (which is more
elaborate than the previous case) and we show that the penalization with an Inverse Wishart prior on
the noise covariance matrix eliminates this degeneracy risk.
II. Maximum Likelihood degeneracy

Ê

Proposition 1 (Likelihood unboundedness) ∀ s1..T ∈ ( n )T , there are singularity points θ ∗ ∈ Θ such
that: lim∗ p(s1..T | θ) = ∞. These points of singularity θ ∗ = (π ∗ , µ∗z , R∗z )z∈Z have the two following
θ→θ
properties:
Property 1: ∃k ∈ Z such that R∗k is a nonnegative matrix with rank pk < n.
Property 2: The corresponding mean µ∗k is such that [Uk (si − µ∗k )]j = 0, j ∈ I ∗ for at least one
instant i. I ∗ is the set (non empty) of the indexes of the null eigenvalues of R∗k in its orthogonal
decomposition R∗k = UkT ΛUk . 2
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In words, the singularity points are such that one of the covariance matrices R∗k is positive singular
and the corresponding mean µk lies in the intersection of h (1 ≤ h ≤ [n − rank(Rz )]) hyperplans of
n
.
Proof: See Appendix (VII-A).
In the sequel, all considered covariance matrices are symmetric. We recall that they are assumed
to belong to S+ , the space of positive matrices which is closed. Our motivation to work in a closed
spaces is based on the fact that every convergent sequence in a closed space F converges towards a
point still belonging to the space F . S+ is closed and connected. The subspace of positive deﬁnite
matrices R+ is an open subspace of S+ . The boundary of R+ is the set of singular positive matrices
and its adherence is S+ .
Remark 2: Fixing n = 1, we ﬁnd the scalar case examined in [13]. In this case, the Property 1
implies that one of the variances σk tends to 0 and the Property 2 implies that the mean µk of the
same component k coincides with an observation si .
Remark 3: We may have considered a more restricted singularity set, similar to the scalar case.
This can be done by considering the θ ∗ such that one of the matrices Rk is null and the corresponding
mean µk coincides with an observation vector si . We have preferred characterizing the singularity set
(properties (1) and (2)) in a more general frame in order to show and emphasize the fact that the
occurence of degeneracy increases with the dimension n of the considered space of observations. We
have an inﬁnite number of singularities when n > 1.
Remark 4: In the proof, we start by ﬁxing a positive singular matrix and then we show, by adapting
the corresponding mean, that it is a singularity point. Consequently, we have a characterization of
the way the singularity points ﬁll the space of covariance matrices S+ . In fact, they cover the whole
boundary of singular matrices. Moreover, we can consider the problem in the reverse way. Indeed,
even if we ﬁx the means of the mixture components, the unboundedness of the likelihood can still be
proven. Its divergence might occur if some covariance matrices approach the boundary of singularity in
an elaborated manner. We think that this kind of behavior is less likely to occur in small dimensions.
However, this is again a strong proof of degeneracy risk.
Figure 1 illustrates the problem of degeneracy. In this simulation example, we have considered the
ML estimation of a mixture of 10 Gaussians of bi-dimensional vectors (n = 2). The 10 multivariate
Gaussians have the same covariance and the means are located on a circle. The graph on the left of the
Figure 1 represents the original distribution which is a mixture of 10 Gaussians. The graph on the right
shows the estimated distribution with the maximum likelihood estimator. We note the degeneracy of
the maximum likelihood which diverges to very sharp Gaussians (because of the singularity of the
estimated covariances).

Ê

Original distribution

ML-estimated distribution
given 100 samples

Fig. 1. Degeneracy of the maximum likelihood estimator of the parameters of 10-Gaussian mixture.
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III. Bayesian solution
The degeneracy is evoked by many authors [10, 11]. In [15], a constrained formulation of the EM
was proposed to eliminate the degeneracy problem in the scalar case. It consists in implementing the
EM algorithm while constraining the variances to be strictly positive σz ≥ c > 0, z = 1, ..., K. The
critical choice of the parameter c and the positivity constraint make this solution complex. Moreover,
the multivariate case will increase this complexity since we have to impose, in this case, the regularity
of the covariance matrices. In the scalar case, a Bayesian solution is proposed in [12]. This solution
consists in penalizing the likelihood with a Inverse Gamma prior on the variances. In the multivariate
case [14], the use of a conjugate prior (Inverse Wishart for the covariance matrices Rz ) ensures the
elimination of the degeneracy [16]. We are going now to formulate a general solution to the degeneracy
problem based on the characterization of singularity set examined in the previous section.
Intuitively, the degeneracy of the likelihood is produced when one of the covariance matrices Rz
approaches the singularity boundary F r(S+ ). The Bayesian approach consists in multiplying the
K

p(Rz ) 2 . Then, while considering the whole space Θ
likelihood by an a priori distribution p(θ) ∝
z=1

(no constraints), one has to propose a suitable form for the a priori p(Rz ) in view of bounding the a
K

p(Rz ).
posteriori distribution p(s1..T | θ)
z=1

By examining the term in the expression (10) (in the proof of Proposition 1, in the Appendix (VIIA)) causing the degeneracy, the prior distribution p(Rz ) should fulﬁll the two following conditions:
|Rz |−N p(Rz ) = 0, whatever the manner the matrix Rz approaches the boundary of
(C.1)
lim
Rz →Fr(S+ )

singularity F r(S+ ).
(C.2) The function p(Rz ) is bounded.
The ﬁrst condition (C.1) ensures that the penalized likelihood is null on the singularity boundary. The second condition (C.2) ensures that the a priori distribution does not cause, in turn, any
degeneracies and that the penalized likelihood remains bounded in the whole parameter space Θ.
Proposition 2: ∀s1..T ∈ (

Ê)

n T

, the likelihood p(s1..T | θ) penalized by a prior

K


p(Rz ), meeting the

z=1

aforementioned conditions (C.1) and (C.2), is bounded on Θ. In addition, the penalized likelihood
2
goes to 0 when one of the covariance matrices Rz approaches the singularity boundary.
Proof: see Appendix (VII-B).
Remark 5: The fact that the a posteriori distribution goes to 0, on the boundary of singularity,
assures that the MAP estimators of the covariance matrices do not belong to this boundary (the
estimated matrices are regular). In addition, the estimates do not cross the boundary of singularity
by continued variations.
Let now introduce the Inverse Wishart prior (Wishart for the matrices R−1
z ), deﬁned as,



ν +(n+1)
1
−1
−1 z 2
Rz ∼ IWn (νz , Σz ) ∝ |Rz |
exp − νz Tr R−1
z Σz
2
2

which is equivalent to regularize the log-likelihood function by the penalizing term log p(θ)
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where νz is the freedom degree of the distribution and Σz is deﬁnite positive.
The Inverse Wishart prior meets the two conditions (C.1) and (C.2). Condition (C.2) is well known
to hold. Concerning condition (C.1), using the following inequality, holding for every symmetric
positive matrix M ([17], pp 261):
1
|A|1/n ≤ Tr (A) ,
n
we obtain,


νz +(n+1)
−1
2
exp − 12 νz Tr R−1
|Rz |−N IWn (Rz ) = |Rz |−N |R−1
z |
z Σz
(5)
1/n
ν +(n+1)+2 N
n νz |Σ−1
−1 z
z |
2
exp − 2 |Rz |1/n
≤ |Rz |
Consequently, if the matrix Rz approaches the boundary of singularity, the determinant |Rz | goes
towards 0 and thus the right hand term of the inequality in expression (5) tends to 0 ensuring condition
(C.1).
Remark 6: Besides fulﬁlling the two conditions (C.1) and (C.2), the Inverse Wishart prior allows
an eﬃcient implementation of the EM algorithm (thanks to its conjugacy for the Gaussian mixture
likelihood). In fact, the re-estimation equations of the EM algorithm (the update of the parameter
θ) keep the same structure as in the maximum likelihood case. The only modiﬁcation, taking the
penalization into account, concerns the re-estimation of covariance matrices Rz . At the iteration m of
the EM algorithm, this modiﬁcation is illustrated by the following equations,

Without penalization

−→

(m)

Rz

=

(st − µz(m) )(st − µz(m) )∗ p(z | st , θ (m−1) )

t



p(z | st , θ(m−1) )

t


With penalization

−→

(m)

Rz

=

t

(st − µz(m) )(st − µz(m) )∗ p(z | st , θ (m−1) ) + νz Σ−1
z


p(z | st , θ(m−1) ) + (νz + n + 1)

t

where we note that the only modiﬁcation consists in adding the terms νz Σ−1
z and (νz + n + 1) in the
numerator and denominator respectively.
A. Existence of the solution
For the sake of notational simplicity, we note f (θ) the penalized function to be optimized. Proposition 2 ensures that the function f (θ) is continuous (by extension on the boundary) on the parameter
space Θ and that it is null on the singularity boundary. The set S+ of covariance matrices contains
a deﬁnite positive matrix R0 . Then, considering the parameter θ 0 which covariance matrices are R0 ,
the value of f (θ 0 ) is strictly positive. In addition, the set S+ is connected, a continuous search for the
maximum of the function f will not cross the singularity boundary and the maximum (if it exists) is
not a singularity point (having necessarily its covariances regular).
In order to prove the existence of at least a maximum, the fact that f is bounded on Θ is not
suﬃcient. We are going to attribute a metric to the space of covariance matrices (n×n) by considering
it as a normed vector space of dimension n2 . The scalar product of two matrices M and N is deﬁned
as follows,


< M , N >= Tr M T N ,
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and so the norm is deﬁned as:

||M ||2 =



Mij2 .

i,j

The set S+ is closed but it is not bounded and so it is not compact. Hence, we cannot apply the
theorem stating that a continuous function on a compact is bounded and reaches its bounds. However,
we show, in the sequel, that the function f is bounded and reaches its maximum 3 on Θ.
Assume that there is a parameter θ 0 such that its K covariance matrices R0z ∈ S+ are deﬁnite
positive. f (θ 0 ) is strictly positive. Let b a strictly positive real number such that:
∀z ∈ Z, ||R0z ||2 ≤ b.
Then, deﬁne the set Bb of matrices of norm smaller than b. Bb is closed and bounded. Thus, the
matrices R0z belong to S+ ∩ Bb . The set S+ ∩ Bb is also closed and limited, so it is compact. The
function f reaches its maximum on this compact. We will show now that when b tends towards the
inﬁnity, the function f (θ) tends towards 0 for the parameter θ having, at least, one of its covariances
outside the ball Bb (∃z ∈ {1..K} | ||Rz ||2 > b).
Lemma 1:

lim f (θ) = 0, for θ such that ||Rz ||2 > b.

b→∞

Proof: see Appendix (VII-C).
Theorem 1: The likelihood p(s1..T | θ) penalized by an Inverse Wishart prior reaches its maximum
in the interior of the parameter set Θ. 2
Proof: the above limit in Lemma 1 means that ∀  > 0, there is a radius b such that if one of
the matrices Rz is outside the ball Bb then the penalized likelihood is smaller than . By taking
0 <  < f (θ 0 ), one has f (θ) ≤ f (θ 0 ) for every point θ having its covariances outside S+ ∩ Bb .
The space S+ ∩ Bb is compact, so f reaches its maximum at the point θ̂ ∈ S+ ∩ Bb . In particular,
f (θ̂) ≥ f (θ 0 ), and so it is greater than the evaluated function outside S+ ∩ Bb . We have then proved
the existence of a maximum reached by the penalized likelihood 4 .
Figure 2 illustrates the present proof.
Figure 3 shows the eﬀect of regularization produced by the penalization of the likelihood. We
have kept the same simulation conditions as in the example of the ﬁgure 1. With penalization, the
occurrence of degeneracy is null.
IV. Mixed noisy observations
In this section, we consider the problem of blind source separation (BSS), where the vectors s1..T ,
statistically modeled by a multivariate Gaussian mixture, are not directly observed. Suppose that they
are linearly mixed (with an unknown mixing matrix A) and corrupted by an additive white Gaussian
noise (with unknown covariance R ). The eﬀective observations are represented by the multivariate
signals x1..T . At each time t, this transformation is modeled by the following algebraic relation:
xt = A st + t , t = 1..T,
where xt is the (m × 1) vector of observations, st is the (n × 1) vector of the sources (original signals),
A is the (m × n) mixing matrix and t is the additive noise with covariance R .
3

In the following, we do not consider the non identifiability problem caused by the permutation of the K components of the
mixture.
4
Because of the permutation non identifiability, there are many equivalent maxima.
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Boundary of singularity

θ̂

Bb ∩ R is compact

θ0

θ

Bb

f (θ) ≤  ≤ f (θ 0 )

Fig. 2. Illustration of the existence proof for the penalized maximum likelihood estimator.

Original distribution.

Estimated distribution with
the penalized EM algorithm, given 100 samples.

Fig. 3. Regularization produced by the penalization of the likelihood.

We assume that the sources are modeled by a mixture of Gaussians. Then, the resulting parameter
vector γ, to be estimated from observations x1..T , contains, hereafter, the mixing matrix, the noise
covariance and the means and covariances of the sources model. The set Γ of the parameters becomes:
Γ = {A ∈ Mm,n , R ∈ S+ , µz ∈

Ên, Rz ∈ S+ , z = 1..K} .

We show now that the identiﬁcation of the parameter γ, given the observations x1..T , by the maximum likelihood method, suﬀers from the same problems of degeneracy examined in the previous
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sections. Indeed, the likelihood of γ is written as,

p(x1..T | s1..T , A, R ) p(s1..T | {µz , Rz }z=K
p(x1..T | γ) =
z=1 ) d s1..T
s1..T

=

=



p(z1..T )

T 


z1..T

t=1



T


z1..T

p(z1..T )

st


p(xt | st , A, R ) p(st | µz , Rz ) d st

(6)


N (xt ; Aµz , ARz AT + R ) .

t=1

Note that, under this form, the distribution of the observations x1..T is a mixture of multivariate
Gaussians. The probability law of the labels z1..T is the same as that of the sources labels. The
observation belonging to the class z has a Gaussian distribution with mean mz = Aµz and covariance
Pz = ARz AT + R . Note that the means and covariances (mz , Pz ) have a particular algebraic
structure. They are inter-dependent and are not allowed to vary independently as was the case for the
means and covariances (µz , Rz ) of sources. The multiplication by the matrix A and the addition of
noise are the origin of this algebraic dependence. However, despite this dependence, we will show that
the same risk of degeneracy exists in this case too. Intuitively, following the arguments in the previous
case, we have to prove that, despite the algebraic link between these matrices, the two following
conﬁgurations are possible:
• the matrices set {Pz , z = 1, ..., K} can be partitioned into two sets: regular matrices and singular
matrices,
• when jointly approaching the boundary of singularity, the matrices can have diﬀerent convergence
speeds.
These situations are possible only because of the diversity of the sources covariances Rz . In fact, the
singularity only due to the mixing matrix A and to the covariance matrix R , will have a common
eﬀect on all the matrices Pz and then the degeneracy does not occur.
We recall that the matrices Rz and R belong to a closed subspace of S+ (symmetric positive).
Constraining these matrices to be regular complicates the implementation of the identiﬁcation process.
This diﬃculty is essentially due to the fact that the space of deﬁnite positive matrices is open in S+ .
For the same reason, we do not constrain the matrix A to be of full rank.
We begin by proving that it is always possible to construct the covariances matrices Pz = ARz AT +
R such that at least one matrix is singular and one matrix is regular.
Proposition 3: ∀ A non null, there are matrices {Pz = ARz AT + R , z = 1..K} such that
{z | Pz is singular } = ∅ and {z | Pz is regular } = ∅.
R is necessarily positive singular and at least one matrix Rz is singular. 2
Proof: see Appendix (VII-D).
Remark 7: Note that, in Proposition 3, the set of classes z such that the matrices Rz are singular
contains the set of classes z such that the matrices Pz are singular. In fact, the matrix Rz can be
singular while the corresponding matrix Pz is not.
The existence of singularity points 5 causing the degeneracy of the likelihood p(x1..T | γ) is then
simple to prove.
5

Because of the complexity of the parameter set in the case of source separation, we do not seek to characterize the whole set
of singularity points.
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Proposition 4: ∀ x1..T ∈ (
(6) diverges:

Êm)T , there are singularity points γ ∗ ∈ Γ where the likelihood deﬁned in
lim p(x1..T | γ) = ∞.

γ→γ∗

Necessarily, the noise covariance matrix R is singular and at least one covariance matrix Rz is singular.
2
The proof of this proposition is based on Proposition 3 and on the same arguments as those of the
case without mixing and noise, examined in the Section II.
V. Degeneracy elimination in the mixed noisy observations case
Based on the study of the direct observations case in Section III, we consider the Bayesian solution
consisting in choosing a convenient prior for the covariance matrices. The degeneracy is produced, even
in the mixture case, when the covariance matrices Rz and R approaches the boundary of singularity
F r(S+ ). Choosing the prior in such a way that the a posteriori distribution tends to 0 when the
covariance matrices approach the singularity boundary, eliminates the degeneracy risk and ensures a
non singular estimate.
We show now that an Inverse Wishart prior on the noise covariance R eliminates the degeneracy
risk.
Proposition 5: ∀ x1..T ∈ ( m )T , the a posteriori distribution:

Ê

p(γ | x1..T ) ∝ p(x1..T | γ) IWm (R ; ν , Σ )
where the likelihood p(x1..T | γ) is deﬁned by (6), is bounded and tends towards 0 when γ approaches
a singularity point γ ∗ . 2
Proof: see Appendix (VII-E).
VI. Conclusion
We have shown that the maximum likelihood estimation approach, in the case of the multivariate
Gaussian mixture modeling, suﬀers from a problem of degeneracy. The likelihood function diverges
when the parameter approaches a singularity point. The set of singularity points is characterized by
the following property:
Property: At least one of the covariance matrices Rz is positive singular and the corresponding mean
µz lies in the intersection of h hyperplans of n , 1 ≤ h ≤ (n − rank[Rz ]).

Ê

This characterization shows that the risk of degeneracy increases in the multivariate case. In the
scalar case, the singularity points are such that at least one variance σz2 is null and the corresponding
mean µz coincides with one observation.
A necessary degeneracy condition is that one of the covariance matrices approaches the boundary of
singularity. Constraining the matrices Rz to be regular complicates the identiﬁcation process. To be
aware of this complication, consider the scalar case where the constraint (σz /σz  ≥ c > 0, z, z  ∈ Z)
(solution proposed in [15]) makes the EM diﬃcult to implement and intractable in the multivariate
case.
The Bayesian approach oﬀers an eﬃcient solution to eliminate the degeneracy without explicitly
constraining the covariance matrices to be regular. This solution consists in choosing a prior density
in such a manner that the a posteriori density is bounded and tends towards 0 when covariance matrices
approach the boundary of singularity. Exploiting the topological properties of the parameter space,
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we have proven the existence of the a posteriori density maximizer, in the interior of the parameter
set Θ (with regular covariance matrices). The Inverse Wishart prior meets the required conditions. In
addition, with this choice, the EM algorithm remains simple and eﬃcient to implement.
Finally, we have considered the degeneracy risk of the ML estimator in the case of blind source
separation where instead of direct observations we have mixed and noisy observations. The singularity
of the noise covariance and of at least one of the sources covariance is a necessary condition for this
degeneracy. Following the original case, we have shown that the penalization of the likelihood with an
Inverse Wishart prior on the noise covariance eliminates the degeneracy by bounding the resulting a
posteriori distribution.
The penalization does not alter the asymptotic nice properties of the maximum likelihood estimator.
In fact, the strong consistency and the asymptotic normality are still guaranteed. This is the scope of
a forthcoming paper.
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VII. Appendix: Proofs of lemma and propositions
A. Proof of Proposition 1
We consider a point θ ∗ ∈ Θ meeting Property 1.
We partition the set Z = Zs ∪ Zr in such a way that ∀k ∈ Zs , R∗k is singular and ∀k ∈ Zr , R∗k is
regular (Zs = ∅). ∀k ∈ Zs the matrix R∗k is diagonalisable in the orthogonal group: a unitary matrix
Uk , Uk UkT = I may be found such that,


0
..


.




0


Λk = 
R∗k = UkT Λk Uk ,

λ∗n−pk +1




.
..


∗
λn
where the eigenvalues (λ∗i )i=n
i=n−pk +1 are strictly positive.
In order to prove Proposition 1, it will be suﬃcient to construct a sequence of points (θ (q) )q∈ such
that:
lim θ (q) = θ ∗ =⇒ lim p(s1..T | θ (q) ) = ∞.
q→∞

q→∞

First, ﬁx k0 ∈ Zs (it exists since Zs = ∅) and assume in addition that θ ∗ meets the second Property
2: the mean µ∗k0 is such that Uk0 (si − µ∗k0 ) j = 0, j = 1..(n − pk0 ) for a given instant i. We begin
by considering the case where Uk0 (si − µ∗k0 ) j = 0, ∀j = 1..(n − pk0 ). This means that the vector
µ∗k0 lies in the intersection of (n − pk0 ) hyperplans of n . When pk0 = 0 (the covariance matrix R∗k0 is
null), the mean µ∗k0 coincides with the observation si .
Consider the following sequence θ (q) :


(q)

µk = µ∗k


k
∈
Z

r
(q)


Rk = R∗k

(7)



(q)
∗

µk = µk



(q)
(q)
 k ∈ Zs
Rk = UkT Λk Uk ,

Ê

(q)

with the diagonal matrices Λk deﬁned as:

(q)
λ1

..

.

(q)

(q)
λn−pk
Λk = 

λ∗n−pk +1


..

.











λ∗n

(q)

(q)

where all the sequences λi are strictly positive (assuring that Rk stay inside R+ ) and converge to 0.
(q)
This implies that the matrices Λk converge towards Λ∗k and consequently the sequence θ (q) converges
to the singular point θ ∗ .
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Remark 8: Concerning the parameter π ∗ , we assume that it guarantees the positivity of Pr(z1..T | π ∗ )
∀z1..T ∈ Z T and so min Pr(z1..T | π ∗ ) ≥ c > 0. This assumption is not necessary but makes the proof
z1..T

easier. We will come back to this point later.
(q)

In the following, we will show that, by controlling the convergence speeds of the sequences λj ,
corresponding to each component k ∈ Zs , the likelihood p(s1..T | θ (q) ) diverges.
The likelihood reads,
(q)

p(s1..T | θ ) =



(q)

p(z1..T | π )

z1..T

T


N (st ; µz(q)
, Rz(q)
)
t
t

(8)

t=1

Among the terms in the sum in (8), we choose the conﬁguration z1..T such that, at the instant i,
zi = k0 and ∀t = i, zt = l = k0 . We have then the following inequality:


(q) 1
(q) −1
(q)
(q)
p(s1..T | θ (q) ) ≥ c |2 π Rk0 |− 2 exp − 12 Tr Rk0 (si − µk0 )(si − µk0 )T

(q) T −1
×|2 π Rl |− 2

exp



− 12 Tr

(q)

(q) −1
Rl




(st −

(q)
µl )(st

−

(9)

(q)
µl )T

t=i

(q)

Taking the decomposed forms of Rk0 and Rl in their orthogonal bases:

(q)
(q)
(q)
T
∗
∗


 Rk0 = Uk0 diag λ1 , . . . , λn−pk0 , λn−pk +1 , . . . , λn Uk0
0



(q)
 R(q) = UlT diag λ1(q) , . . . , λn−p
, λ∗n−pl+1 , . . . , λ∗n Ul
l
l
and taking Property 2 of the mean µk0 into account, inequality (9) is transformed to:


2
(q)
n

[Uk0 (si − µk0 )]j
(q) 1

p(s1..T | θ (q) ) ≥ c |2 π Rk0 |− 2 exp − 12
∗
λ
j
j=n−p +1
k0


(q)

|2 π Rl |−

T −1
2



exp − 12



n

j=1

[Ul (st −

t=i
(q)

γj

2
(q)
µl )]j



(10)





(q) n−p

The key point of the proof is the fact that the sequences of eigenvalues [λj ]j=1 k0 which tend to 0
have disappeared from the argument of the exponential, because of the property veriﬁed by the mean
µk0 , but are still present in the denominator of the right hand term of inequality (10) through the
(q) 1
determinant |Rk0 |− 2 . In order to show the divergence of the right hand term, we consider two cases:
(q)

1. l ∈ Zr : in this case, all the eigenvalues [γj ]nj=1 converge to strictly positive values. Consequently,
(q) n−p
when the sequences [λj ]j=1 k0 tend to 0 (θ (q) → θ ∗ ), the r-h-s term diverges to ∞. This happens
(q)
whatever the convergence speed of λj .
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(q)

l
2. l ∈ Zs : the eigenvalues [γj ]n−p
j=1 tend also to 0 and are present in the exponential argument. In
this case, we have to control the relative convergence speeds of the sequences λj and γj . For example,
(q)
(q)
if λj = e−q and γj = 1/ log q, the r-h-s term in (10) diverges towards inﬁnity when q → ∞.
It is then easy to see that, in the more general case, the r-h-s term of expression (10) diverges when
Uk0 (si − µ∗k0 ) j = 0, for some j ∈ {1..(n − pk0 )}. In words, even if some null eigenvalues remain in
the exponential argument, the r-h-s term in (10) still diverges by controlling the relative convergence
(q) n−p
speeds of [λj ]j=1 k0 towards 0.
We have then proved that every point θ ∗ meeting the two conditions Property 1 and 2 is a point of
singularity. In other words, we can ﬁnd a sequence of points θ (q) converging to the point θ ∗ such that
the likelihood of θ (q) diverges.
Remark 9: Note that, in the proof, the positivity assumption of Pr(z1..T | π ∗ ) is not necessary. In
fact, in the case where Pr(z1..T | π (q) ) tends to 0, one can always control the convergence in such a
way that the r-h-s term in (10) still diverges.
2

B. Proof of Proposition 2
The penalized likelihood is written as,
p(θ | s1..T ) ∝

K


p(Rz )

z=1



p(z1..T | π)

z1..T

T


N (st ; µzt , Rzt )

(11)

t=1

For every conﬁguration z1..T (term of the ﬁnite sum in (11)), we have the following inequalities:

 p(z1..T | π) ≤ 1


1

N (st ; µzt , Rzt ) ≤ |2 π Rzt |− 2

we have then,


p(θ | s1..T ) ≤

K


T
|Rzt |

− 21

z=1

K


p(Rz )

z=1

T

≤ |Rkmin |− 2

K


(12)

p(Rz )

z=1

where the class kmin is such that |Rkmin | ≤ |Rk | for every k ∈ {1..K}.
As the prior p(Rz ) meets the conditions (C.1) and (C.2), It may be clearly noted that if one
of the matrices Rz approaches the boundary F r(S+ ), then the determinant |Rkmin | goes to 0 and
consequently, the r-h-s term in (12), upper bounding the a posteriori distribution, goes to 0, which
ends the proof. 2
C. Proof of Lemma 1
Inequality (12) can be put under the following form:

Qz1..T
p(θ | s1..T ) ≤

(13)

z1..T

where the term Qz1..T is deﬁned for each conﬁguration z1..T as:

K



ν +(n+1)+|Tz |
1
−1
− z
2
|Rz |
exp − νz Tr R−1
Qz1..T =
z Σz
2
z=1

(14)

15

Tz = {t | zt = z} is the temporal partition according to the conﬁguration z1..T .
By using the fact that the norm of a positive matrix is equal to the sum of its squared eigenvalues
(refer to [17] page 261):
n

2
||M || =
λ2j ,
j=1

we obtain the following inequalities:
b < ||Rz ||2 =

n


λ2zj ≤ n λ2z, max

j=1

Then, as b tends towards inﬁnity, the maximal eigenvalues of the matrices Rz tend towards inﬁnity.
Consequently, using inequality (13) and expression (14), it is straightforward to prove that:
lim p(θ | s1..T ) = 0, for θ such that ||Rz ||2 > b.

b→∞

z|
≥ νz +(n+1)
Remark 10: Note the importance of the presence of the strictly positive term νz +(n+1)+|T
2
2
in the exponent of the determinant of Rz for every conﬁguration z1..T 6 . This presence assures that
Qz1..T tends towards 0 (for every conﬁguration z1..T ) even if only one covariance matrix Rk0 , k0 ∈ Z
approaches the inﬁnity boundary and the other covariances Rz=k0 remain ﬁnite.
2

D. Proof of Proposition 3
Without aﬀecting the generality of the proof, we will construct the matrices Pz in such a way that
the ﬁrst matrix P1 is singular and the remaining matrices {Pz }K
z=2 are regular.
Note Ker(M ) = {v | M v = 0} the kernel of the matrix M and C(M ) = {v | v T M v = 0} its
isotropic cone. We will use the following important property of the real symmetric matrices ([18], pp
418):
Property 3: If M is positive symmetric, then its kernel coincides with its isotropic cone.
Using this property, the kernels of the matrices Pz verify the following relation:
Ker(Pz ) = Ker(ARz AT ) ∩ Ker(R )
For the matrix P1 to be singular and the remaining Pz to be regular, the parameter γ must ﬁll the
following conditions:

 Ker(AR1 AT ) ∩ Ker(R ) = {0}
(15)

Ker(ARz AT ) ∩ Ker(R ) = {0} , z = 2..K
Before constructing the matrices Rz and R fulﬁlling the conditions (15), it is worth noting that:
1. If the matrix R is regular then all the matrices Pz are regular. In fact, according to the mini-max
principle of eigenvalues characterization of the sum of two Hermitian matrices, the eigenvalues of Pz
are greater than those of R and then strictly positive.
2. If all the matrices Rz are regular, then all the matrices Pz are either all regular or all singular. In
fact, we have the following (general) inclusion,
Ker(AT ) ⊆ Ker(ARz AT ), z = 1..K.
6

|Tz | is, of course, null when the component z is not present in the particular configuration z1..T .

(16)
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In the particular case of regular matrices Rz , the above inclusion becomes an equality. Consequently,
the matrices Pz have the same kernel Ker(AT )∩Ker(R ) and are then either all singular or all regular.
Assume now that all the matrices Rz are regular except the ﬁrst matrix R1 . We intend now to
construct R1 and R fulﬁlling condition (15). Let xs be a non null vector belonging to [Ker(AT )]⊥ .
Let (xj )j∈J be a family of vectors belonging to Ker(AT ) such that {xs } ∪ (x
j )j∈J is an orthonormal

base (this is ensured by the incomplete basis principle). The matrices R1 =
αj xj xTj (αj ≥ 0) and
R =



j∈J

βj xj xTj

(βj ≥ 0) verify the following relations:

j∈J


 xs ∈ Ker(AR1 AT ) ∩ Ker(R )


Ker(ARz AT ) ∩ Ker(R ) = {0}

Consequently, the matrices R1 and R meet the condition (15). Proof of the Proposition 3 is
achieved.
2
E. Proof of Proposition 5
The expression (6) of the likelihood p(x1..T | γ) has the same form as the likelihood in the case when
directly observing the sources, except that the prior is put on the matrix R and not on the matrices
Pz . Akin to the proof of Proposition 2, we can rely on the following inequalities:

p(γ | x1..T ) ≤ p(R )

K


T
|Pz |

− 12

(17)

z=1

≤ |R−1
 |

ν +(m+1)
2



T
−1
exp − 12 ν Tr R−1
Σ
|Pkmin |− 2



where the class kmin is such that |Pkmin | ≤ |Pk | for k ∈ {1..K}.
As we have the two following inequalities:



−1 1/m
−1
≤ m1 Tr R−1
 |R−1
 Σ |
 Σ


|R | ≤ |Pkmin |

we get

mν
|Σ R |−1/m
2
where the rhs term tends towards 0 when R approaches the singularity boundary. This shows that
the density a posteriori p(γ | x1..T ) tends towards 0 whenever the necessary degeneracy conditions are
fulﬁlled (R is singular). 2
p(γ | x1..T ) ≤ |R |−

ν +(m+1)+T
2

exp −

17
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